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PSPM 1 SESSION 2019/2020

SM015/2

Questions

SECTION A [45 marks]

This section consists of 5 questions. Answer all questions.

1. Polynomial P(x) = 12x3 — px? — gx + 8 is divisible by 3x2 — 7x + 4. Find the

values of p and gq. Hence, factorise P (x) completely.

[8 marks]
2. a)Show that cosec 8 — cot 8 can be simplified as tan %. [5 marks]
b) Hence, find the values of tan 15° and sec?15°. Give your answer in the form
a + b\/c, where a, b and c are integers. [5 marks]
3. a)Afunction f(x) is defined as
(9 —x?
, x<3
| x—3
f(x) = 4 -6, x=3
[162x — 54x
k 3 , x>3
X
Determine whether f(x) is continuous at x = 3.
[7 mark]
34 40—
b) Find lim 3X13X2 [3 mark]
x—oo 7-3x
4. a)Giveny = x2%e™3*¥ flnd G|ve your answer in the simplest form. [5 mark]
b) Given x%y = sin(Zx + 1t).
Show that 2y(1 + 8x*) + 4xdy +a2 3 d > =4 cos(2x* + m).
[7 marks]
2 [=] 3]
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5. Given f(x) = x? — g, where x # 0. Find the coordinate(s) of stationary point

and determine whether it is a relative maximum or a relative minimum. Give

the coordinates correct to 3 decimal places.

[5 marks]
SECTION B [25 marks]
This section consists of 2 question. Answer all questions.
1. The function g(x) is defined by
( m*> -8, x<2
e 2<x<8
_—, x <
gx) =92x-2
8=, >8
x—8 ’ .
Where m and k is constant.
a. If lirr% g(x) exists, find the values of m. [5 marks]
X—
b. Find the values of k such that g(x) is discontinuous at x = 8. [3 marks]
2. Given a right circular cylinder with height 2h and radius r = Va2 — h?,
which is inscribed in a sphere of fixed radius a.
a. Show that the volume of the cylinder is V = 2m(a? — h?)h. [5 marks]
b. From part 2(a), find the maximum value of the volume, V in terms
of 7 as the height, h varies. Hence, state the value of the volume
ifa = 3. [9 marks]
c. Show that the ratio of the volume of the sphere to the maximum
volume of the cylinder is V3:1,
[3 marks]
END OF QUESTION PAPER
3 [=] 3]
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Question A1
1. Polynomial P(x) = 12x3 — px? — qx + 8 is divisible by 3x? — 7x + 4. Find the
values of p and q. Hence, factorise P (x) completely. [8 marks]
SOLUTION

P(x)=12x3—px* —qx +8

D(x)=3x*-7x+4=0CBx—-4)(x—1)

P(1)=0

4

P(5)=0

P(1) = 12(1)° ~ p(1)* ~ q(1) + 8 =0
p+q=20
P=20—q = rirrseen A

4 4\3 4\2 4

P(3)=12(5) -»(5) -a(3)+8=0
768 16 4
27 9P 34180
768 —48p — 36q + 216 =0
48p +36q =984 ... Q)

Substitute (1) into (2)

48(20 — q) + 36q = 984
960 — 48q + 36q = 984
—12q = 24
q=-2
p =22

P(x) =12x3 —22x%+2x + 8

4 (=] =
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4x + 2
3x% — 7x + 4j12x3 —22x*+2x+8
12x3 — 28x% + 16x
6x*> —14x+ 8
6x* —14x+ 8
P(x) =12x3—22x* +2x+8
=@Bx?—7x+4)(4x +2)
=Bx—-4)(x—1)(4x+2)
=238x—-4)(x—1)(2x+1)
Alternative Method:
P(x)=12x3—px* —qx +8
D(x)=3x>-7x+4=03Bx—-4)(x—-1)
P(1)=0 = (x—1)isa factor of P(x)
P G) =0 = (3x—4)isa factor of P(x)
P(x) = Q(x)D(x)
12x3 —px* —qgx+8=3Bx—-4)(x—1)(ax + b)
12x3 —px? —qx+ 8 = (3x* —3x —4x + 4)(ax + b)
12x3 —px?> —qx+ 8 = (3x2 —7x + 4)(ax + b)
12x3 — px? — qx + 8 = 3ax® + 3bx? — 7ax* — 7bx + 4ax + 4b
12x3 — px? — qx + 8 = 3ax3® + (3b — 7a)x* + (4a — 7b)x + 4b
Compare the coefficient:
x3: 3a =12
a=4%
5 EHE
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8=4b
b=2
x?: -p=3b—7a
-p=3(2)-74)
p =22
x: —q=4a-"7b
—q=4(4)-7(2)
q=-2
p=22;q=-2
Px)=@Bx—-4)(x—1) (4x+2)
=2B8x—-4)(x—1)(2x+1)
6 Ok [0
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Question A2
2. a) Show that cosec 8 — cot 6 can be simplified as tan g. [5 marks]

b) Hence, find the values of tan 15° and sec?15°. Give your answer in the form

of @ + b\/c, where a, b and c are integers.

[5 marks]
SOLUTION

1 cos 0
a)cosec B —cot@ = — — —
sin@ sin@

__1-cos0

sin@

_ 1—(1—Zsinzg)

2 sin2 cos2
2 2

. 20
_ Zsm2

2 sing cos2
2 2

sin2
2

b) tang = cosec 0 — cot @

tan15° = tan (3;)0)

= cosec 30° — cot 30°
1 cos30°

sin30° sin30°

DR =

Il
[\S]
|
& s
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sec’0 =tan?0 + 1

sec?15° = tan®? 15° + 1
= (tan15°)? +1
=(2- \/§)2 +1
=(4+3-4v3)+1
=8-4V3
=4(2 -/3)
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Question A3

3. a)Afunction f(x) is defined as

9 — x2 <3
—3’ .

(
|
f(x)-{ -6, x=23
|
"B 27

162x — 54x?

g , x> 3

Determine whether f(x) is continuous at x = 3.

3 _
b) Find lim 221222

x>0 7-3x3

SOLUTION

( o= x <3

x-3"’
a) f(x) = i_6, X =

162x—54x2
x3-27 ' x>3

Atx =3

f(3) = -6

llm f(x) = llm_ (x :)
— lim [(3+x)(3—x)]

x—3

x—3~

—(3+x)(x-3)

= lim [ —

x-3"
= lim [-(3 + )]
=—(3+3)
= —6

[7 mark]
[3 mark]
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162x—54x2
lim f(x) = lim (—)
x—>3+f( ) x—37* x3-27

— lim [ —54x(x—3)

i S A 2
x—3+ L(x=3)(x2+3x+9) X" +3x+9

x—3 ) x3-27
= lim [—_54x ] x3 — 3x?
x—3+ L(x%+3x+9)
3x% —-27

—54(3)

:32 3(3)+9
+3(3)+ 9x — 27

_ ~162 9x — 27

27

=6
lim f(x) = —6
x-3

Since f(3) = lin?}f(x) = —6,therefore

f(x)is continuous at x = 3

3x% —9x

5x3+4x-9 m 5x3+4x—9

b) lim

x—oo 7-3x X—00 7-3x3

5x3 +4x—9

=3£l—7>£lo 7 — 3x3

10
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Question A4

. 2 3% g dzy . . . 5 k
4. a)Giveny = x“e %, find E.lee your answer in the simplest form. [5 mark]
b) Given x2y = sin(2x% + m).

dy dzy _
Show that 2y(1 + 8x*) + ax -+ x5 =4 cos(2x% + m).

[7 marks]
SOLUTION

B A -
i i
! a) y=x2%e3¥ !
1 y 1
1 1
i u = x? v=e3 i
1 1
i u = 2x v =-3e73* i
1 1
i % =uv' +vu’ i
1 1
: = (x*)(=3e7%) + (79 (2x) :
! = e 3*[-3x? + 2x] !
1 1
i u=-3x%+2x v=e3* i
1 1
i u' = —6x+2 v’ = —3e™3* i
1 1
: 2

g 23 = (=322 + 2x)(-3e73) + (e73%)(—6x + 2) :
: = e73%[(—3)(—3x% + 2x) + (—6x + 2)] :
i _ i
: = e 3*[9x% — 6x — 6x + 2] :
1 _ 1
: = e 3*[9x? — 12x + 2] :
1 1
1 1
1 1
1 1
1 1
1 1
rrimr e s |
i i
: b) x%y =sin(2x% + m) :
i i
: x? % + 2xy = 4xcos(2x? + m) :
e et '

11 Ok [0
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Given:
2 d%y dy dy _ 2 o 2 2 x%y = sin(2x% + m)

X 7+2xa+2xa+2y— —16x* sin(2x* + m) + 4cos(2x* + m) y

2 4%y

=t 4x% + 2y = —16x? (x*y) + 4cos(2x? + m)

x
2
x? % + 4x% + 2y + 16x?% (x?y) = 4cos(2x* + @)

x? Ly +4x%2 4+ 2y(1 + 8x*) = 4cos(2x? + 1)
dx? dx y

2
2y(1 + 8x*) + 4x% + x? % =4 cos(2x? + m)

12 Ok5:|Of
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Question A5

5. Given f(x) = x2 — S, where x # 0. Find the coordinate(s) of stationary point

and determine whether it is a relative maximum or a relative minimum. Give the

coordinates correct to 3 decimal places.

[5 marks]
SOLUTION
[ R R R R e s -
P fD)=x2 -] :
i i
i =x%—6x"1 i
1 1
i fi(x) =2x+ 6x2 i
1 1
i =2x+ % i
i * i
E Letf'(x)=0 :
6 i
i 2x + — = 0 i
i x i
! 2x34+6=0 !
1 1
i 2x3 = -6 I
i i
i x3 =-3. i
i i
| x=-1.442 !
1 1
i Whenx=-1.442, i
i i
i x) = (-1.442)2 - —° i
i fx)=( ) ;
! = 6.241 1
1 1
i The stationary point = (—1.442,6.241) i
1 1
i %y _ -3 i
i S=2-12x .
I 12 1
- |
i Whenx = —1.44 i
1 1
i dy ., 12 .. i
i Tz =yrche 6.002 > 0 (Minimum) :
1 1
i i
: . The point (—1.44,6.241) is relative minimum. :
13 OF5|Of
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Question B1

1. The function g(x) is defined by

( m? -8, x<2
| x—2 2<x<8
) X =
g(x) = 4\/2x -2
| 18 — x|
k + kK, x>8
x—8
Where m and k is constant.
a. If chm% g(x) exists, find the values of m. [5 marks]
b. Find the values of k such that g(x) is discontinuous at x = 8. [3 marks]
SOLUTION
( m? -8, x<2
i 2<x<8
, x
g(x) ={v2x -2
| 18 — x|
\ + k x>8
x—8
a) limg(x)
X2
lim g(x) = lim g(x)
x—>2~ x—-2%
. . -2
lim m? - 8 = lim —
x—>2~ x—-2+F V2x-2
2 _ag_ 1 x-2  2x+2
m 8 ,}Ezqr V2x-2 \2x+2
) -2)(V2x+2
m? — 8 = lim 2022 )(V2x+2)
x—>2t 2x—4
. -2)(V2x+2
m? — 8 = lim 220
x—2+  2(x-2)
. 2x+2
m? — 8 = lim Y2
x-2t 2
15 (=] =
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b) g(x) isdiscontinuous at x = 8

8-2
f(8) = 22
6
f(8) = ;=3
| | 18- |’{—(8—_) g:xig
= 8— - -8 _(8-x, x<8
lim —+k=lim —+k (%5 5%
x—8t x-8 x—8t x-8
= lim1+k
x—87t
=1+k

Since g(x)is discontinuous at x = 8
1+k+3
k+2
k € R\{2}

16 Ok5:|Of
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Question B2

2. Given a right circular cylinder with height 2h and radius r = Va2 — h2,

which is inscribed in a sphere of fixed radius a.
a. Show that the volume of the cylinder is V = 2m(a? — h?)h. [5 marks]
b. From part 2(a), find the maximum value of the volume, V in terms

of  as the height, h varies. Hence, state the value of the volume

ifa = 3. [9 marks]
c. Show that the ratio of the volume of the sphere to the maximum
volume of the cylinder is /3: 1. [3 marks]
SOLUTION
2a
a) r’+h?=a?
r2 = a® — h?
r =+Va? - h?
Volume of cylinder = nir*(2h)
2
= 21‘l’(\/a2 - hz) h
= 2m(a®* — W*)h
17 [=] =]
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b) V =2n(a® - h*h

= 2mwa*h — 2mh?

av
— = 2ma?® — 6mwh?
dh

Let% =0;
2ma* — 6mh? =0
2n(a? —3h%) =0
a*-3h* =0

3h% = a?

h? =

LV 12mh <0 h>0
T i T (as )
Whena =3

2
h?=>=3

h=+3

72 = a? — h2
=32-3
=6

Viax = 2m(a®? — h®)h

= 2n(3h* — h?)h
= 2m(2h?)
= 41th3

= 41t\/§3

18
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c) Volume of sphere V = %nr3
4 3 4mad
VS =-ma =
3 3
3 3
— 3 _ a 4ma
Vinax = 41h —41r(\/§) =
4—1ta3
Vs _ 73
Vmax - 4-1'ta3
3v3
4ma3 (3 3)
o 3 4mdd
_ V3
1
VS' Vmax = \/5: 1
19 Ok5[0
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