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Questions 
  

SECTION A [45 marks] 

This section consists of 5 questions. Answer all questions. 

 

1. Polynomial 𝑃(𝑥) = 12𝑥3 − 𝑝𝑥2 − 𝑞𝑥 + 8 is divisible by 3𝑥2 − 7𝑥 + 4. Find the 

values of 𝑝 and 𝑞. Hence, factorise 𝑃(𝑥) completely. 

 

[8 marks] 

  

2. a) Show that 𝑐𝑜𝑠𝑒𝑐 𝜃 − cot 𝜃 can be simplified as tan
𝜃

2
. [5 marks] 

 b) Hence, find the values of 𝐭𝐚𝐧𝟏𝟓° and 𝒔𝒆𝒄𝟐𝟏𝟓°. Give your answer in the form 

𝒂 + 𝒃√𝒄, where a, b and c are integers. 

 

[5 marks] 

  

3. a) A function 𝑓(𝑥) is defined as 

𝒇(𝒙) =

{
 
 

 
 
𝟗 − 𝒙𝟐

𝒙 − 𝟑
,                    𝒙 < 𝟑

−𝟔,                            𝒙 = 𝟑

𝟏𝟔𝟐𝒙 − 𝟓𝟒𝒙𝟐

𝒙𝟑 − 𝟐𝟕
, 𝒙 > 𝟑

 

Determine whether 𝒇(𝒙) is continuous at 𝒙 = 𝟑. 

 

 

 

 

 

 

 

[7 mark] 

b)  Find 𝐥𝐢𝐦
𝒙→∞

𝟓𝒙𝟑+𝟒𝒙−𝟗

𝟕−𝟑𝒙𝟑
. [3 mark] 

  

4. a) Given 𝑦 = 𝑥2𝑒−3𝑥, find 
𝑑2𝑦

𝑑𝑥2
. Give your answer in the simplest form. [5 mark] 

b)  Given 𝒙𝟐𝒚 = 𝐬𝐢𝐧(𝟐𝒙𝟐 + 𝝅).  

Show that 𝟐𝒚(𝟏 + 𝟖𝒙𝟒) + 𝟒𝒙
𝒅𝒚

𝒅𝒙
+ 𝒙𝟐

𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝟒 𝒄𝒐𝒔(𝟐𝒙𝟐 + 𝝅). 

 
 

[7 marks] 
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5. Given 𝑓(𝑥) = 𝑥2 −
6

𝑥
, where 𝑥 ≠ 0. Find the coordinate(s) of stationary point 

and determine whether it is a relative maximum or a relative minimum. Give 

the coordinates correct to 3 decimal places. 

 
 
 

[5 marks] 
 

 

SECTION B [25 marks] 

This section consists of 2 question. Answer all questions. 

1. The function 𝑔(𝑥) is defined by 

𝒈(𝒙) =

{
 
 

 
 
𝒎𝟐 − 𝟖,                 𝒙 ≤ 𝟐
𝒙 − 𝟐

√𝟐𝒙 − 𝟐
, 𝟐 < 𝒙 ≤ 𝟖

|𝟖 − 𝒙|

𝒙 − 𝟖
+ 𝒌, 𝒙 > 𝟖

 

Where 𝒎 and 𝒌 is constant. 

 

a. If lim
𝑥→2

𝑔(𝑥) exists, find the values of 𝑚. [5 marks] 

b. Find the values of 𝑘 such that 𝑔(𝑥) is discontinuous at 𝑥 = 8. [3 marks] 
  

2. Given a right circular cylinder with height 2ℎ and radius 𝑟 = √𝑎2 − ℎ2, 

which is inscribed in a sphere of fixed radius a. 

 

a. Show that the volume of the cylinder is 𝑉 = 2𝜋(𝑎2 − ℎ2)ℎ. [5 marks] 
b. From part 2(a), find the maximum value of the volume, 𝑉 in terms 

of 𝜋 as the height, ℎ varies. Hence, state the value of the volume 

if 𝑎 = 3. 

 
 

[9 marks] 

c. Show that the ratio of the volume of the sphere to the maximum 

volume of the cylinder is √𝟑: 𝟏. 

 
 

[3 marks] 
 

 

END OF QUESTION PAPER 
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Question A1 
1. Polynomial 𝑃(𝑥) = 12𝑥3 − 𝑝𝑥2 − 𝑞𝑥 + 8 is divisible by 3𝑥2 − 7𝑥 + 4. Find the 

values of 𝑝 and 𝑞. Hence, factorise 𝑃(𝑥) completely. 

 

[8 marks] 

 

SOLUTION 

 

𝑷(𝒙) = 𝟏𝟐𝒙𝟑 − 𝒑𝒙𝟐 − 𝒒𝒙 + 𝟖  

𝑫(𝒙) = 𝟑𝒙𝟐 − 𝟕𝒙 + 𝟒 = (𝟑𝒙 − 𝟒)(𝒙 − 𝟏)  

𝑷(𝟏) = 𝟎  

𝑷(
𝟒

𝟑
) = 𝟎  

𝑷(𝟏) = 𝟏𝟐(𝟏)𝟑 − 𝒑(𝟏)𝟐 − 𝒒(𝟏) + 𝟖 = 𝟎  

𝒑 + 𝒒 = 𝟐𝟎   

𝒑 = 𝟐𝟎 − 𝒒  …………… (1) 

𝑷 (
𝟒

𝟑
) = 𝟏𝟐(

𝟒

𝟑
)
𝟑

− 𝒑(
𝟒

𝟑
)
𝟐

− 𝒒(
𝟒

𝟑
) + 𝟖 = 𝟎  

𝟕𝟔𝟖

𝟐𝟕
−
𝟏𝟔

𝟗
𝒑 −

𝟒

𝟑
𝒒 + 𝟖 = 𝟎  

𝟕𝟔𝟖 − 𝟒𝟖𝒑 − 𝟑𝟔𝒒 + 𝟐𝟏𝟔 = 𝟎  

𝟒𝟖𝒑 + 𝟑𝟔𝒒 = 𝟗𝟖𝟒  …………… (2) 

Substitute (1) into (2) 

𝟒𝟖(𝟐𝟎 − 𝒒) + 𝟑𝟔𝒒 = 𝟗𝟖𝟒  

𝟗𝟔𝟎 − 𝟒𝟖𝒒 + 𝟑𝟔𝒒 = 𝟗𝟖𝟒  

−𝟏𝟐𝒒 = 𝟐𝟒   

𝒒 = −𝟐  

𝒑 = 𝟐𝟐  

 

𝑷(𝒙) = 𝟏𝟐𝒙𝟑 − 𝟐𝟐𝒙𝟐 + 𝟐𝒙 + 𝟖  
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𝑷(𝒙) = 𝟏𝟐𝒙𝟑 − 𝟐𝟐𝒙𝟐 + 𝟐𝒙 + 𝟖  

= (𝟑𝒙𝟐 − 𝟕𝒙 + 𝟒)(𝟒𝒙 + 𝟐)  

= (𝟑𝒙 − 𝟒)(𝒙 − 𝟏) (𝟒𝒙 + 𝟐)  

= 𝟐(𝟑𝒙 − 𝟒)(𝒙 − 𝟏) (𝟐𝒙 + 𝟏)  

 

 

Alternative Method: 

𝑷(𝒙) = 𝟏𝟐𝒙𝟑 − 𝒑𝒙𝟐 − 𝒒𝒙 + 𝟖  

𝑫(𝒙) = 𝟑𝒙𝟐 − 𝟕𝒙 + 𝟒 = (𝟑𝒙 − 𝟒)(𝒙 − 𝟏)  

𝑷(𝟏) = 𝟎      (𝒙 − 𝟏)𝒊𝒔 𝒂 𝒇𝒂𝒄𝒕𝒐𝒓 𝒐𝒇 𝑷(𝒙) 

𝑷(
𝟒

𝟑
) = 𝟎    (𝟑𝒙 − 𝟒) 𝒊𝒔 𝒂 𝒇𝒂𝒄𝒕𝒐𝒓 𝒐𝒇 𝑷(𝒙) 

𝑷(𝒙) = 𝑸(𝒙)𝑫(𝒙)  

𝟏𝟐𝒙𝟑 − 𝒑𝒙𝟐 − 𝒒𝒙 + 𝟖 = (𝟑𝒙 − 𝟒)(𝒙 − 𝟏)(𝒂𝒙 + 𝒃)  

𝟏𝟐𝒙𝟑 − 𝒑𝒙𝟐 − 𝒒𝒙 + 𝟖 = (𝟑𝒙𝟐 − 𝟑𝒙 − 𝟒𝒙 + 𝟒)(𝒂𝒙 + 𝒃)  

𝟏𝟐𝒙𝟑 − 𝒑𝒙𝟐 − 𝒒𝒙 + 𝟖 = (𝟑𝒙𝟐 − 𝟕𝒙 + 𝟒)(𝒂𝒙 + 𝒃)  

𝟏𝟐𝒙𝟑 − 𝒑𝒙𝟐 − 𝒒𝒙 + 𝟖 = 𝟑𝒂𝒙𝟑 + 𝟑𝒃𝒙𝟐 − 𝟕𝒂𝒙𝟐 − 𝟕𝒃𝒙 + 𝟒𝒂𝒙 + 𝟒𝒃  

𝟏𝟐𝒙𝟑 − 𝒑𝒙𝟐 − 𝒒𝒙 + 𝟖 = 𝟑𝒂𝒙𝟑 + (𝟑𝒃 − 𝟕𝒂)𝒙𝟐 + (𝟒𝒂 − 𝟕𝒃)𝒙 + 𝟒𝒃  

Compare the coefficient: 

𝒙𝟑:    𝟑𝒂 = 𝟏𝟐 

  𝒂 = 𝟒 

𝟑𝒙𝟐 − 𝟕𝒙 + 𝟒 

𝟒𝒙 + 𝟐 

𝟏𝟐𝒙𝟑 − 𝟐𝟐𝒙𝟐 + 𝟐𝒙 + 𝟖 

 

𝟔𝒙𝟐 − 𝟏𝟒𝒙 + 𝟖 
𝟔𝒙𝟐 − 𝟏𝟒𝒙 + 𝟖 

 

𝟏𝟐𝒙𝟑 − 𝟐𝟖𝒙𝟐 + 𝟏𝟔𝒙 
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𝒙𝟎:    𝟖 = 𝟒𝒃 

  𝒃 = 𝟐 

𝒙𝟐:    −𝒑 = 𝟑𝒃 − 𝟕𝒂 

  −𝒑 = 𝟑(𝟐) − 𝟕(𝟒) 

  𝒑 = 𝟐𝟐  

𝒙:    −𝒒 = 𝟒𝒂 − 𝟕𝒃 

  −𝒒 = 𝟒(𝟒) − 𝟕(𝟐)   

  𝒒 = −𝟐 

 

𝒑 = 𝟐𝟐; 𝒒 = −𝟐  

𝑷(𝒙) = (𝟑𝒙 − 𝟒)(𝒙 − 𝟏) (𝟒𝒙 + 𝟐)  

= 𝟐(𝟑𝒙 − 𝟒)(𝒙 − 𝟏) (𝟐𝒙 + 𝟏)  
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Question A2 
2. a) Show that 𝑐𝑜𝑠𝑒𝑐 𝜃 − cot 𝜃 can be simplified as tan

𝜃

2
. [5 marks] 

 b) Hence, find the values of 𝐭𝐚𝐧𝟏𝟓° and 𝒔𝒆𝒄𝟐𝟏𝟓°. Give your answer in the form 

of 𝒂 + 𝒃√𝒄, where a, b and c are integers. 

 

[5 marks] 

SOLUTION  

a) 𝒄𝒐𝒔𝒆𝒄 𝜽 − 𝒄𝒐𝒕𝜽 =
𝟏

𝒔𝒊𝒏𝜽
−
𝒄𝒐𝒔𝜽

𝒔𝒊𝒏𝜽
 

=
𝟏−𝒄𝒐𝒔𝜽

𝒔𝒊𝒏𝜽
  

=
𝟏−(𝟏−𝟐𝒔𝒊𝒏𝟐

𝜽

𝟐
)

𝟐𝒔𝒊𝒏
𝜽

𝟐
𝒄𝒐𝒔

𝜽

𝟐

  

=
𝟐𝒔𝒊𝒏𝟐

𝜽

𝟐

𝟐𝒔𝒊𝒏
𝜽

𝟐
𝒄𝒐𝒔

𝜽

𝟐

  

=
𝒔𝒊𝒏

𝜽

𝟐

𝒄𝒐𝒔
𝜽

𝟐

  

= 𝒕𝒂𝒏
𝜽

𝟐
  

 

 

 

b) 𝐭𝐚𝐧
𝜽

𝟐
= 𝒄𝒐𝒔𝒆𝒄 𝜽 − 𝒄𝒐𝒕𝜽 

 𝒕𝒂𝒏𝟏𝟓° = 𝒕𝒂𝒏 (
𝟑𝟎°

𝟐
)  

= 𝒄𝒐𝒔𝒆𝒄 𝟑𝟎° − 𝒄𝒐𝒕 𝟑𝟎°   

=
𝟏

𝒔𝒊𝒏𝟑𝟎°
−
𝒄𝒐𝒔𝟑𝟎°

𝒔𝒊𝒏𝟑𝟎°
  

=
𝟏
𝟏

𝟐

−
√𝟑

𝟐
𝟏

𝟐

  

= 𝟐 − √𝟑  
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𝒔𝒆𝒄𝟐𝛉 = 𝐭𝐚𝐧𝟐 𝜽 + 𝟏  

𝒔𝒆𝒄𝟐𝟏𝟓° = 𝐭𝐚𝐧𝟐 𝟏𝟓° + 𝟏  

= (𝒕𝒂𝒏𝟏𝟓°)𝟐 + 𝟏  

= (𝟐 − √𝟑)
𝟐
+ 𝟏  

= (𝟒 + 𝟑 − 𝟒√𝟑) + 𝟏  

= 𝟖 − 𝟒√𝟑  

= 𝟒(𝟐 − √𝟑)  
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Question A3 
3. a) A function 𝑓(𝑥) is defined as 

𝒇(𝒙) =

{
 
 

 
 
𝟗 − 𝒙𝟐

𝒙 − 𝟑
,                    𝒙 < 𝟑

−𝟔,                            𝒙 = 𝟑

𝟏𝟔𝟐𝒙 − 𝟓𝟒𝒙𝟐

𝒙𝟑 − 𝟐𝟕
, 𝒙 > 𝟑

 

Determine whether 𝒇(𝒙) is continuous at 𝒙 = 𝟑. 

 

 

 

 

 

 

 

[7 mark] 

b)  Find  𝒍𝒊𝒎
𝒙→∞

𝟓𝒙𝟑+𝟒𝒙−𝟗

𝟕−𝟑𝒙𝟑
. [3 mark] 

 

SOLUTION 

a)  𝑓(𝑥) =

{
 

 
9−𝑥2

𝑥−3
,                    𝑥 < 3

−6,                           𝑥 = 3
162𝑥−54𝑥2

𝑥3−27
,               𝑥 > 3

 

At 𝒙 = 𝟑 
 
𝒇(𝟑) = −𝟔  

𝐥𝐢𝐦
𝒙→𝟑−

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→𝟑−

(
𝟗−𝒙𝟐

𝒙−𝟑
)   

= 𝐥𝐢𝐦
𝒙→𝟑−

[
(𝟑+𝒙)(𝟑−𝒙)

𝒙−𝟑
]  

= 𝐥𝐢𝐦
𝒙→𝟑−

[
−(𝟑+𝒙)(𝒙−𝟑)

𝒙−𝟑
]  

= 𝐥𝐢𝐦
𝒙→𝟑−

[−(𝟑 + 𝒙)]  

= −(𝟑 + 𝟑)  

= −𝟔  
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𝐥𝐢𝐦
𝒙→𝟑+

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→𝟑+

(
𝟏𝟔𝟐𝒙−𝟓𝟒𝒙𝟐

𝒙𝟑−𝟐𝟕
)   

= 𝐥𝐢𝐦
𝒙→𝟑+

[
−𝟓𝟒𝒙(𝒙−𝟑)

(𝒙−𝟑)(𝒙𝟐+𝟑𝒙+𝟗)
]  

= 𝐥𝐢𝐦
𝒙→𝟑+

[
−𝟓𝟒𝒙

(𝒙𝟐+𝟑𝒙+𝟗)
]  

=
−𝟓𝟒(𝟑)

𝟑𝟐+𝟑(𝟑)+𝟗
  

=
−𝟏𝟔𝟐

𝟐𝟕
  

= −𝟔  

𝐥𝐢𝐦
𝒙→𝟑

𝒇(𝒙) = −𝟔  

 

𝑺𝒊𝒏𝒄𝒆 𝒇(𝟑) = 𝐥𝐢𝐦
𝒙→𝟑

𝒇(𝒙) = −𝟔 , 𝒕𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  

𝒇(𝒙)𝒊𝒔 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒂𝒕 𝒙 = 𝟑  

 

 

b) 𝑙𝑖𝑚
𝑥→∞

5𝑥3+4𝑥−9

7−3𝑥3
= 𝑙𝑖𝑚

𝑥→∞

5𝑥3+4𝑥−9

7−3𝑥3
 

= 𝑙𝑖𝑚
𝑥→∞

5𝑥3 + 4𝑥 − 9
𝑥3

7 − 3𝑥3

𝑥3

 

= 𝑙𝑖𝑚
𝑥→∞

5 +
4
𝑥2
−
9
𝑥3

7
𝑥3
− 3

 

=
5 + 0 − 0

0 − 3
 

= −
5

3
 

𝒙𝟑 − 𝟐𝟕 

𝒙𝟐 + 𝟑𝒙+ 𝟗 

𝒙 − 𝟑 

𝒙𝟑 − 𝟑𝒙𝟐 

𝟑𝒙𝟐 − 𝟐𝟕 

𝟑𝒙𝟐 − 𝟗𝒙 

𝟗𝒙 − 𝟐𝟕 

𝟗𝒙 − 𝟐𝟕 
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Question A4 
4. a) Given 𝑦 = 𝑥2𝑒−3𝑥, find 

𝑑2𝑦

𝑑𝑥2
. Give your answer in the simplest form. [5 mark] 

b)  Given 𝒙𝟐𝒚 = 𝐬𝐢𝐧(𝟐𝒙𝟐 + 𝝅).  

Show that 𝟐𝒚(𝟏 + 𝟖𝒙𝟒) + 𝟒𝒙
𝒅𝒚

𝒅𝒙
+ 𝒙𝟐

𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝟒 𝒄𝒐𝒔(𝟐𝒙𝟐 + 𝝅). 

 
 

[7 marks] 
  

 

SOLUTION 

 

 

a) 𝑦 = 𝑥2𝑒−3𝑥  

𝒖 = 𝒙𝟐   𝒗 = 𝒆−𝟑𝒙 

𝒖′ = 𝟐𝒙   𝒗′ = −𝟑𝒆−𝟑𝒙 

𝒅𝒚

𝒅𝒙
= 𝒖𝒗′ + 𝒗𝒖′  

= (𝒙𝟐)(−𝟑𝒆−𝟑𝒙) + (𝒆−𝟑𝒙)(𝟐𝒙)  

= 𝒆−𝟑𝒙[−𝟑𝒙𝟐 + 𝟐𝒙]  

𝒖 = −𝟑𝒙𝟐 + 𝟐𝒙  𝒗 = 𝒆−𝟑𝒙 

𝒖′ = −𝟔𝒙 + 𝟐   𝒗′ = −𝟑𝒆−𝟑𝒙 

𝒅𝟐𝒚

𝒅𝒙𝟐
= (−𝟑𝒙𝟐 + 𝟐𝒙)(−𝟑𝒆−𝟑𝒙) + (𝒆−𝟑𝒙)(−𝟔𝒙 + 𝟐)  

= 𝒆−𝟑𝒙[(−𝟑)(−𝟑𝒙𝟐 + 𝟐𝒙) + (−𝟔𝒙 + 𝟐)]  

= 𝒆−𝟑𝒙[𝟗𝒙𝟐 − 𝟔𝒙 − 𝟔𝒙 + 𝟐]  

= 𝒆−𝟑𝒙[𝟗𝒙𝟐 − 𝟏𝟐𝒙 + 𝟐]  

 

 

 

 

 

b) 𝒙𝟐𝒚 = 𝐬𝐢𝐧(𝟐𝒙𝟐 + 𝝅) 

𝒙𝟐
𝒅𝒚

𝒅𝒙
+ 𝟐𝒙𝒚 = 𝟒𝒙𝒄𝒐𝒔(𝟐𝒙𝟐 + 𝝅)    
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[𝒙𝟐
𝒅𝟐𝒚

𝒅𝒙𝟐
+ 𝟐𝒙

𝒅𝒚

𝒅𝒙
] + [𝟐𝒙

𝒅𝒚

𝒅𝒙
+ 𝟐𝒚] = [−𝟒𝒙(𝟒𝒙) 𝒔𝒊𝒏(𝟐𝒙𝟐 + 𝝅) + 𝟒𝒄𝒐𝒔(𝟐𝒙𝟐 +𝝅)]  

𝒙𝟐
𝒅𝟐𝒚

𝒅𝒙𝟐
+ 𝟐𝒙

𝒅𝒚

𝒅𝒙
+ 𝟐𝒙

𝒅𝒚

𝒅𝒙
+ 𝟐𝒚 = −𝟏𝟔𝒙𝟐 𝒔𝒊𝒏(𝟐𝒙𝟐 + 𝝅) + 𝟒𝒄𝒐𝒔(𝟐𝒙𝟐 + 𝝅)   

𝒙𝟐
𝒅𝟐𝒚

𝒅𝒙𝟐
+ 𝟒𝒙

𝒅𝒚

𝒅𝒙
+ 𝟐𝒚 = −𝟏𝟔𝒙𝟐 (𝒙𝟐𝒚) + 𝟒𝒄𝒐𝒔(𝟐𝒙𝟐 + 𝝅)  

𝒙𝟐
𝒅𝟐𝒚

𝒅𝒙𝟐
+ 𝟒𝒙

𝒅𝒚

𝒅𝒙
+ 𝟐𝒚 + 𝟏𝟔𝒙𝟐 (𝒙𝟐𝒚) = 𝟒𝒄𝒐𝒔(𝟐𝒙𝟐 +𝝅)  

𝒙𝟐
𝒅𝟐𝒚

𝒅𝒙𝟐
+ 𝟒𝒙

𝒅𝒚

𝒅𝒙
+ 𝟐𝒚(𝟏 + 𝟖𝒙𝟒) = 𝟒𝒄𝒐𝒔(𝟐𝒙𝟐 + 𝝅)  

𝟐𝒚(𝟏 + 𝟖𝒙𝟒) + 𝟒𝒙
𝒅𝒚

𝒅𝒙
+ 𝒙𝟐

𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝟒 𝒄𝒐𝒔(𝟐𝒙𝟐 + 𝝅)  

 
Given: 
𝒙𝟐𝒚 = 𝐬𝐢𝐧(𝟐𝒙𝟐 + 𝝅) 
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Question A5 
5. Given 𝑓(𝑥) = 𝑥2 −

6

𝑥
, where 𝑥 ≠ 0. Find the coordinate(s) of stationary point 

and determine whether it is a relative maximum or a relative minimum. Give the 

coordinates correct to 3 decimal places. 

 
 
 

[5 marks] 
  

SOLUTION  

𝒇(𝒙) = 𝒙𝟐 −
𝟔

𝒙
  

= 𝒙𝟐 − 𝟔𝒙−𝟏  

𝒇′(𝒙) = 𝟐𝒙 + 𝟔𝒙−𝟐  

= 𝟐𝒙 +
𝟔

𝒙𝟐
  

𝑳𝒆𝒕 𝒇′(𝒙) = 𝟎  

𝟐𝒙 +
𝟔

𝒙𝟐
= 𝟎 

𝟐𝒙𝟑 + 𝟔 = 𝟎 

𝟐𝒙𝟑 = −𝟔 

𝒙𝟑 = −𝟑. 

𝒙 = −𝟏. 𝟒𝟒𝟐  

𝑾𝒉𝒆𝒏 𝒙 = −𝟏. 𝟒𝟒𝟐,   

𝒇(𝒙) = (−𝟏. 𝟒𝟒𝟐)𝟐 −
𝟔

−𝟏.𝟒𝟒𝟐
  

= 𝟔. 𝟐𝟒𝟏  

𝑻𝒉𝒆 𝒔𝒕𝒂𝒕𝒊𝒐𝒏𝒂𝒓𝒚 𝒑𝒐𝒊𝒏𝒕 =  (−𝟏. 𝟒𝟒𝟐, 𝟔. 𝟐𝟒𝟏)  

𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝟐 − 𝟏𝟐𝒙−𝟑  

= 𝟐 −
𝟏𝟐

𝒙𝟑
  

𝑾𝒉𝒆𝒏 𝒙 = −𝟏. 𝟒𝟒  

𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝟐 −

𝟏𝟐

(−𝟏.𝟒𝟒)𝟑
= 𝟔. 𝟎𝟎𝟐 > 𝟎 (𝑴𝒊𝒏𝒊𝒎𝒖𝒎)  

 

∴ 𝑻𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 (−𝟏. 𝟒𝟒, 𝟔. 𝟐𝟒𝟏) 𝒊𝒔 𝒓𝒆𝒍𝒂𝒕𝒊𝒗𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎.  
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Graph: (Only for illustration purpose) 
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Question B1 
1. The function 𝑔(𝑥) is defined by 

𝒈(𝒙) =

{
 
 

 
 
𝒎𝟐 − 𝟖,                 𝒙 ≤ 𝟐
𝒙 − 𝟐

√𝟐𝒙 − 𝟐
, 𝟐 < 𝒙 ≤ 𝟖

|𝟖 − 𝒙|

𝒙 − 𝟖
+ 𝒌, 𝒙 > 𝟖

 

Where 𝒎 and 𝒌 is constant. 

 

a. If lim
𝑥→2

𝑔(𝑥) exists, find the values of 𝑚. [5 marks] 

b. Find the values of 𝑘 such that 𝑔(𝑥) is discontinuous at 𝑥 = 8. [3 marks] 

  

SOLUTION  

 

𝒈(𝒙) =

{
 
 

 
 
𝒎𝟐 − 𝟖,                 𝒙 ≤ 𝟐
𝒙 − 𝟐

√𝟐𝒙 − 𝟐
, 𝟐 < 𝒙 ≤ 𝟖

|𝟖 − 𝒙|

𝒙 − 𝟖
+ 𝒌, 𝒙 > 𝟖

 

 

a) lim
𝑥→2

𝑔(𝑥)  

𝐥𝐢𝐦
𝒙→𝟐−

𝒈(𝒙) = 𝐥𝐢𝐦
𝒙→𝟐+

𝒈(𝒙)  

𝐥𝐢𝐦
𝒙→𝟐−

𝒎𝟐 − 𝟖 = 𝐥𝐢𝐦
𝒙→𝟐+

𝒙−𝟐

√𝟐𝒙−𝟐
  

𝒎𝟐 − 𝟖 = 𝐥𝐢𝐦
𝒙→𝟐+

𝒙−𝟐

√𝟐𝒙−𝟐
 
√𝟐𝒙+𝟐

√𝟐𝒙+𝟐
   

𝒎𝟐 − 𝟖 = 𝐥𝐢𝐦
𝒙→𝟐+

(𝒙−𝟐)(√𝟐𝒙+𝟐)

𝟐𝒙−𝟒
   

𝒎𝟐 − 𝟖 = 𝐥𝐢𝐦
𝒙→𝟐+

(𝒙−𝟐)(√𝟐𝒙+𝟐)

𝟐(𝒙−𝟐)
  

𝒎𝟐 − 𝟖 = 𝐥𝐢𝐦
𝒙→𝟐+

√𝟐𝒙+𝟐

𝟐
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𝒎𝟐 − 𝟖 =
√𝟐(𝟐)+𝟐

𝟐
  

𝒎𝟐 − 𝟖 = 𝟐  

𝒎𝟐 = 𝟏𝟎  

𝒎 = ±√𝟏𝟎  

 

 

b) 𝑔(𝑥) is discontinuous at 𝑥 = 8 

𝒇(𝟖) =
𝟖−𝟐

√𝟐(𝟖)−𝟐
  

𝒇(𝟖) =
𝟔

𝟐
= 𝟑  

𝐥𝐢𝐦
𝒙→𝟖+

|𝟖−𝒙|

𝒙−𝟖
+ 𝒌 = 𝐥𝐢𝐦

𝒙→𝟖+

−𝟖+𝒙

𝒙−𝟖
+ 𝒌  

= 𝐥𝐢𝐦
𝒙→𝟖+

𝟏 + 𝒌  

= 𝟏 + 𝒌  

𝑺𝒊𝒏𝒄𝒆 𝒈(𝒙)𝒊𝒔 𝒅𝒊𝒔𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒂𝒕 𝒙 = 𝟖   

𝟏 + 𝒌 ≠ 𝟑 

𝒌 ≠ 𝟐 

𝒌 ∈ ℝ\{𝟐} 

 
 
 
 
 
 

|𝟖 − 𝒙| = {
𝟖 − 𝒙, 𝟖 − 𝒙 ≥ 𝟎

−(𝟖 − 𝒙), 𝟖 − 𝒙 < 𝟎
 

= {
𝟖 − 𝒙, 𝒙 ≤ 𝟖
−𝟖+ 𝒙, 𝒙 > 𝟖
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Question B2 
2. Given a right circular cylinder with height 2ℎ and radius 𝑟 = √𝑎2 − ℎ2, 

which is inscribed in a sphere of fixed radius a. 

 

a. Show that the volume of the cylinder is 𝑉 = 2𝜋(𝑎2 − ℎ2)ℎ. [5 marks] 
b. From part 2(a), find the maximum value of the volume, 𝑉 in terms 

of 𝜋 as the height, ℎ varies. Hence, state the value of the volume 

if 𝑎 = 3. 

 
 

[9 marks] 

c. Show that the ratio of the volume of the sphere to the maximum 

volume of the cylinder is √𝟑: 𝟏. 

 
[3 marks] 

 
 

  

SOLUTION 

 

 

 

 

 

 

 

 

a) 𝑟2 + ℎ2 = 𝑎2 

𝒓𝟐 = 𝒂𝟐 − 𝒉𝟐  

𝒓 = √𝒂𝟐 − 𝒉𝟐  

𝑽𝒐𝒍𝒖𝒎𝒆 𝒐𝒇 𝒄𝒚𝒍𝒊𝒏𝒅𝒆𝒓 = 𝝅𝒓𝟐(𝟐𝒉)  

= 𝟐𝝅(√𝒂𝟐 − 𝒉𝟐)
𝟐
𝒉  

= 𝟐𝝅(𝒂𝟐 − 𝒉𝟐)𝒉  

𝒓 

𝟐𝒂 

𝟐𝒉 𝒂 
𝒉 
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b) 𝑉 = 2𝜋(𝑎2 − ℎ2)ℎ 

= 𝟐𝝅𝒂𝟐𝒉 − 𝟐𝝅𝒉𝟑  
𝒅𝑽

𝒅𝒉
= 𝟐𝝅𝒂𝟐 − 𝟔𝝅𝒉𝟐  

𝑳𝒆𝒕
𝒅𝑽

𝒅𝒉
= 𝟎;  

𝟐𝝅𝒂𝟐 − 𝟔𝝅𝒉𝟐 = 𝟎 

𝟐𝝅(𝒂𝟐 − 𝟑𝒉𝟐) = 𝟎 

𝒂𝟐 − 𝟑𝒉𝟐 = 𝟎 

𝟑𝒉𝟐 = 𝒂𝟐 

𝒉𝟐 =
𝒂𝟐

𝟑
 

ℎ =
𝑎

√𝟑
 

 

𝒅𝑽

𝒅𝒉
= 𝟐𝝅𝒂𝟐 − 𝟔𝝅𝒉𝟐  

𝒅𝟐𝑽

𝒅𝒉𝟐
= −𝟏𝟐𝝅𝒉 < 𝟎        (𝒂𝒔 𝒉 > 𝟎) 

 

𝑾𝒉𝒆𝒏 𝒂 = 𝟑  

𝒉𝟐 =
𝟑𝟐

𝟑
= 𝟑  

𝒉 = √𝟑  

𝒓𝟐 = 𝒂𝟐 − 𝒉𝟐  

= 𝟑𝟐 − 𝟑  

= 𝟔  

𝑽𝒎𝒂𝒙 = 𝟐𝝅(𝒂𝟐 − 𝒉𝟐)𝒉  

= 𝟐𝝅(𝟑𝒉𝟐 − 𝒉𝟐)𝒉  

= 𝟐𝝅(𝟐𝒉𝟑)  

= 𝟒𝝅𝒉𝟑  

= 𝟒𝝅√𝟑
𝟑
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= 𝟏𝟐√𝟑𝝅  

 

 

c) Volume of sphere  𝑉 =
4

3
𝜋𝑟3 

𝑽𝑺 =
𝟒

𝟑
𝝅𝒂𝟑 =

𝟒𝝅𝒂𝟑

𝟑
   

𝑽𝒎𝒂𝒙 = 𝟒𝝅𝒉𝟑 = 𝟒𝝅(
𝑎

√𝟑
)
𝟑

=
𝟒𝝅𝑎3

3√𝟑
  

𝑽𝑺

𝑽𝒎𝒂𝒙
=

𝟒𝝅𝒂𝟑

𝟑
 

𝟒𝝅𝑎3

3√𝟑

  

=
𝟒𝝅𝒂𝟑

𝟑
  (

3√𝟑

𝟒𝝅𝑎3
)  

=
√𝟑 

𝟏
  

𝑽𝑺:𝑽𝒎𝒂𝒙 = √𝟑: 𝟏  
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