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1. Express Zx— in partial fractions form.
xX“+3x+2
2. State the values of R and « such that 3sin8 + 6cos8 = Rsin(0 + a) where R>0and 0° <

a < 90°. Hence, solve 3sinf + 6cosf = V5 for 0° < 6 < 180°.

respectively.

(a)

(b)

(b)

, e MX+ 3%
3. (a) Find the value of m if lim ———=3.
x=>0 4X —8X
. J3-x-43
(b) Evaluate lim ———.
x—0 X
4, (a) Find Z—z if y = cosec{sin[In(x + 1)]}.
(b) Obtain the second derivative of y = C(;ix and express your answer in the simplest
form.
5. A cubic polynomial P(x) has remainders 3 and 1 when divided by (x — 1) and (x — 2),

Let Q(x) be a linear factor such that P(x) = (x — 1)(x — 2)Q(x) + ax + B, where
a and 8 are constants. Find the remainder when P (x) is divided by (x — 1)(x — 2).

Use the values of a and f from part (a) to determine Q(x) if the coefficient of x> for
P(x)is1and P(3) = 7.Hence, solve forxif P(x) = 7 - 3x.

State the definition of the continuity of a function at a point. Hence, find the value of

d such that

_ 63x+d’ x<0
f(x)_{3x+5, x>0

Is continuousat x = 0.
A function f is defined by

x?-1, x<1

f(x)={k(x—1), x>1
Determine the value(s) of k if f is:

(i) Continuous for all x € R.
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(ii) Differentiable for all x € R.
7. (a) Find the derivative of f(x) = ﬁ by using the first principle.
(b) Use implicit differentiation to find:
. dy . _ x-y
(i) ix if ylnx = e*™7.
(i)  thevalue of Zifl— 1= 3whenx =1
dx y X 2
8. A curve is defined by parametric equations
x=In(1+1), y=e"fort>—1.
Ly
(a) Find Ix and oz in terms of t.
(b) Show that the curve has only one relative extremum at (0,1) and determine the nature
of the point.
9 (a) A cylindrical container of volume 1287 m3 is to be constructed with the same

(b)

material for the top, bottom and lateral side. Find the dimensions of the container
that will minimise the amount of the material needed.

. 3 . .
Gravel is poured onto a flat ground at the rate of 5m3 per minute to form a conical-

shaped pile with vertex angle 60° as shown in the diagram below.

Compute the rate of chang of the height of the conical pile at the instant t = 10 minutes.
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10. (a) Show that Sinatsing _ cot [ﬁ;a]
cosa—cos f 2
(b) Use trigonometric identities to verify that

X i ZtEIIIE
(i) sinf =
1+tan?—
. 1-tan®
(ii) cos @ =

Hence, solve the equation 3sin 8 + cos 8 = 2 for 0° < 8 < 180°. Give your answers

correct to three decimal places.

END OF QUESTION PAPER
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1. Express 2x— in partial fractions form.
x“+3x+2
SOLUTION

1

x*>+3x+2 &X2+OX+O

—3x—2
x? _ 1 3x + 2
x2+3x+2 x2 +3x+2

3x + 2
_(x+1)(x+2)

3x+2 _ A B
(x+1)(x+2)_(x+1)+(x+2)

_Alx+2)+B(x+1)
O (x+DE+2)

3x+2=Ax+2)+B(x+1)
Whenx = -1

3(-1)+2=A(-1+2)+B(-1+1)

-1= A(1)
A= —1
Whenx = —2

3(-2)+2=A(-2+2)+B(-2+1)
-4 = B(-1)
B=4

3x+2. -1 4
(x+1)(x+2)_(x+1)+(x+2)

x? _ 1 3x + 2
x2+3x+2 x+Dx+2)

=1- [(x_-l-ll) * (x j— 2)]

1 4

=1+(x+1)_(x+2)
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2. State the values of R and a such that 3sin8 + 6¢cos8 = Rsin(0 + a) whereR>0and 0° < a <
90°. Hence, solve 3sind + 6cosd = /5 for 0° < 6 < 180°.

SOLUTION

3sinf + 6¢cosl = Rsin(6 + a)

R=432+62= V45 =3V5

6
a= tan‘1§ =tan"12 = 63.4°

3sinf + 6cosd =5

3v5sin(6 + 63.4°) = /5

5

sin(8 + 63.4°) = v

sin(8 + 63.4°) = . 0 4 63.4°
N 0+ 63.4 D + 63.

1
3
6 + 63.4° = sin~ ! (l) = 19.5°,160.5°
3

6 = 19.5° — 63.4°, 160.5° — 63.4°
0 = —43.9°, 97.1°
Given that 0° < 6 < 180°.

~0=971°
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, o mX +3x°
3. (a) Find the value of m if lim ———=3.
x>0 4x —8x
3o x-3
(b) Evaluate lIm ————.
x—0 X
SOLUTION
3(a)
. MX +3x°
lim ——— =
x>0 4X —8X
i x(m+3x)
x>0 x(4—-8x)
i (m+3x)
x>0 (4 —8X)
m+3(0)
4-8(0)
m_j
4
m=12
3(b)
3 x=+3 . J3—x-v3_ J3-x++3
lim =lim X
x—0 X x—0 X \/B—X +\/§

_fim —8=%)-3
x>0 X(7/3— X ++/3)

. —X
=lim

=0 X(\[3— X ++/3)

. -1
=lim ——+=
=0 3= x ++/3

-1

J3-0++/3

-1

23
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4, (a) Find Z—z if y = cosec{sin[in(x + 1)]}.
(b) Obtain the second derivative of y = czszix and express your answer in the simplest
form.
SOLUTION
4(a)

y = cosec{sin[In(x + 1)]}

dy _ , da .
e —cosec{sin[In(x + 1)]|}cot{sin[In(x + 1)]}a{sm[ln(x + D]}
% = —cosec{sin[In(x + 1)]}cot{sin[In(x + 1)]} cos[In(x + 1)] % [In(x + 1)]
dy . . d
v —cosec{sin[In(x + 1)]}cot{sin[In(x + 1)]} cos[In(x + 1)] G 1D (x+1)
% = —cosec{sin[In(x + 1)]}cot{sin[In(x + 1)]} cos[In(x + 1)] e i D (D
dy —cosec{sin[in(x + 1)]}cot{sin[In(x + 1)]} cos[In(x + 1)]
dx x+1)
4(b)
__cos3x
u = cos 3x v=e?
u' = —3sin 3x v = 2e%*

dy  (e**)(—3sin3x) — (cos 3x)(2e**
dx (e2¥)2

dy  (e*)[—3sin3x — 2cos 3x]
dx ~ (er)z

dy —3sin3x — 2cos 3x

dx ex
u = —3sin 3x — 2cos 3x v=e%
u' = —9cos 3x + 6sin3x v =2e%*

d?y 3 (e?*)(—=9cos 3x + 6sin3x) — (—3sin 3x — 2cos 3x) (2e?*)
dx?2 (e2%)2
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d?y B (e?*)[(=9cos 3x + 6sin3x) — (2)(—3sin 3x — 2cos 3x)]
dx? - (er)z

d?y 3 (e?*)[=9cos 3x + 6sin3x + 6sin 3x + 4cos 3x]
dax? - (er)z

d?y  —9cos 3x + 6sin3x + 6sin 3x + 4cos 3x
dxZ o2x

d?y 12sin3x — 5cos 3x
dxZ o2x
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5. A cubic polynomial P(x) has remainders 3 and 1 when divided by (x — 1) and (x — 2),
respectively.

(a) Let Q(x) be a linear factor such that P(x) = (x — 1)(x — 2)Q(x) + ax + B, where
a and B are constants. Find the remainder when P(x) is divided by (x — 1)(x — 2).

(b) Use the values of a and f from part (a) to determine Q(x) if the coefficient of x3 for
P(x)is1and P(3) = 7.Hence, solve forxif P(x) = 7 - 3x.

SOLUTION
5(a)
P(1) =3
P2)=1

Px)=(x—1Dx-2)0x)+ ax+p
P)=01-1DA-2) )+ a(1)+p =3

20+ B = Lo 2)
1 -(@)
a—2a=3-1 P(x) = D(x)Q(x) + R(x)
—a=2 — (v — _ _
a P(x) \(x 12£x ZJ)Q(x)\ 233+_5/

a=-2 D(x) R(x)
. /.

P(x)=(x—1(x—-2)0(x) —2x+5

=~ The remainder when P(x)is divided by (x — 1)(x — 2)is —2x + 5
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5(b)

P(x)=(x—-1x—-2)Q(x) —2x+5
Since the coefficient of x3 for P(x)is 1= Q(x) = (x +¢)
Px)=(x—1D)x—-2)(x+c)—2x+5
Giventhat P(3) =7
P(3)=B-1)B3-2)B+c)-2Q3)+5=7
6+2c=28
c=1
Q) = (x+1)
Px)=(x—-1Dx—-2)(x+1)—2x+5
P(x) = 7- 3x
x—-1Dx—-2)x+1)—2x+5=7—-3x
x—1Dx-2)(x+1)—2x+3x+5-7=0
c-Dx-2)x+1D+x-2=0
-Dx-2)x+1D+x-=2)=0
x=2)[x-Dx+1)+1]=0
x=—2[x*+x—x—-1+1]=0
(x—2)[x*]=0

x=2 or x=0
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6. (a) State the definition of the continuity of a function at a point. Hence, find the value of
d such that
3x+d
_fe , x<0
f(x)_{3x+5, x>0

Is continuous at x = 0.
(b) A function f is defined by

x2—-1, x<1

f(x)z{k(x—l), x>1
Determine the value(s) of k if f is:

(iii) Continuous for all x € R.
(iv) Differentiable for all x € R.

SOLUTION

6(a)
Definition of continuity:

A function f is continuous at a point x = c in the domain of f if the following three
conditions are satisfied:

i.  f(c)is defined
i. lim f(x) exists or finite

iii. !(ITC f(x)=f(c)
For f'(x) to be continuous at x =0,
() f0) =e3P% =ed
(ii) XIETOI f(X)z)(IiLE 3x+5=5
(iii) el =5
d = In5
6(bi)

x*-1, x<1

f(x)z{k(x—l), x>1

lim f(x) = lim f(x)
X—1" x—1*

lim x2-1= lim k(x—1)

X—1" x—1"
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12-1=k(1-1)
0=0
Thus, k can take any real value for the continuity: k € R
6(bii)
(x*-1, x<1
f&) _{k(x—l), x>1
f(1) = tim -0~ 1)
X—1" X—=1
2 _1Nn_M12_
fr(1) = tim D= D)
x—1" X=1
2 p—
)= fim =2
x->1 X —
£1(1) = lim XD
X—1" X—=1

f'@) = Iirrlli(x +1)

1) =1+1
frL)=2
1y - iy 1) — T(D)
G
f |(1+) S (k(X _1)) — (12 _l)
x—>1* X—=1
F) = im X6
x—-1" X —
f) = lim k
frL) =k

For f to be differentiableatx = 1,
fratn=f@a)

k=2
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7. (a) Find the derivative of f(x) = 11 by using the first principle.

x+

(b) Use implicit differentiation to find:
; ay . = X~y
(i) ix if ylnx = e*™7.

(i)  thevalue of Zifl— 1= 3whenx =1
dx y X 2

SOLUTION
7(a)
@ =17
f x+1 First principle
fx+h) = —— dy _ .1 _
(x+h)+1 dx—,lllg(l)h(f(x+h) f(x))
dy 1< 1 1
dx  hooh (x+h)+1 x+1
dy_l. 1/1x+1)—-1(x+h+1)
dx  h9Oh\ G+h+Dx+1D)
dy_l. 1<x+1—x—h—1)
dx  hOh\x+h+ Dx+ 1)
dy_l. 1( —h )
dx  hoh\x+h+ Dx+1)

dy —1
— = 11m< )
h

dx h->o\(x+h+1D(x+1)
dy -1

dx (x+0+D(x+1
dy -1

dx  (x +1)2

7(bi)
yinx = e*™Y
1 dy vy @
Z L) = eX Y (x —
Y (x) +inx (dx) ¢ dx (=)

d
Y + Inx (_y)
X dx

dy
dx

e*X™y [1
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(d_y) _% T Tx
dx Inx + e*X™y

b 1
whenx =

< e
|
B
I
w

/N
N| —
N—r

I
[N
Il
w

=3+ 2

Rk RIr P
Il
vl

<
Il
I
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dy 1 y°
dx  x2 -1
dy y®
dx  x2
Whenx ==, y==
12
ay _(3)
dx  /1\?
(2)
1
dy _25
dx 1
4
dy 1 4
dx 25°1
dy 4

L
=

N
ul
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8. A curve is defined by parametric equations
x =In(1+ 1), y =et’ fort > —1.
(c) Fmd and—ln terms of t.
(d) Show that the curve has only one relative extremum at (0,1) and determine the nature
of the point.
SOLUTION
8(a)
x =In(1 +1t), y=e
dx _ 1 d dy _ ¢2d (.2
dt ~ 1+tdt (1 +) dat )
dax 1 ay _
at 1+t( ) dat
ax _ 1 dy
dt 1+t dt
dt
i 1+t
dy dy dt
dx  dt dx
d
% = (2tet”).(1 +1)
d
& otet* (1 + 1)
dx
- gl )
dx2 “dtld
d’y d [dy] [dt]
dx?  dtldx] ldx
d?y 5
_ t
W_{ [2te (1+t)]} [1+t]
u = 2tet’ v=1+t
u' = (2t)(2tet2) + (e*)(2) v =1
U = 4t2et” 4 2et’
dzy—2f21 1 4t2et” +2¢) L1
W_{( tet)(1) + (1 + t)(4t2e” +2e")}.[1 + ]
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d2

d—xf = {2tet” + 4t2et’ + 2¢t" +4t3et’ + 2tet" L [1 + t]
d2y 2 2 2 2

i {2 + 4tet” + 4t%e™ +4t3et"}.[1 + ]

d2

d_x}zl ={2et"(1 + 2t + 2t2 + 2t3)}.[1 + t]

8(b)
. dy
For extremum point(s), let o 0

d
Y o otet? (1 + 1)
dx

2tet’(1+¢t) =0
t=20 or t = -1

Since given that t > —1, the curve has only one extremum point whent = 0.

Whentt = 0,
x=In(1+1¢), y =et’
x =In(1+ 0), y =e®
x = In(1), y=e°
x=0, y=1

= (0, 1) is the extremum point.

Att = 0, the second derivative test gives

% = {2 (1 +2(0) + 2(0») +2(0)}. [1 + (0)]
d?y

—5= 2@ 4+0+0+0)}[1+ (0)]

% =2>0

Thus, the extremum point (0,1) is a relative minimum point.
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9. (a) A cylindrical container of volume 128w m3 is to be constructed with the same

material for the top, bottom and lateral side. Find the dimensions of the container
that will minimise the amount of the material needed.

(b) Gravel is poured onto a flat ground at the rate of %m3 per minute to form a conical-

shaped pile with vertex angle 60° as shown in the diagram below.

Compute the rate of chang of the height of the conical pile at the instant t = 10 minutes.

SOLUTION
V =nr*h=128n =>» To minimise the surface area.
128w
h = 5
r
128
= T_Z

To minimise the surface area

S =2nr? 4+ 2nrh

128

S =2nr? 4+ 2nr (—2)
r

256m
S =2mr?+——
r
S = 2mr? 4+ 256mr~1

ds
— = 4qr — 256mr 2

dr
ds 256m
e 4mr — 2
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LtdS—O
¢ dr
256m
4mtr — 3 =0
T
256m
3 = 4nr
T
4mtrd = 2561
2561
3:_
r 4
256
3 _ 2207
Ty
r3 =64
r=4%4
Whenr = 4,
128
=r—2
128
=?
h =
das 256m
524717’— 2
d?s 512w
ﬁ:4‘ﬂ+ 7"3
Whenr = 4
d?*s 512
ﬁ=4‘ﬂ+ 13 =121 >0

h =8andr = 4 give minimum total surface area by the second derivative test
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9(b)
L
6o°
h
av _ 3 3
dt ~ 20
tan 30° = —
an —h
1 T
V3 h
V3r=nh
h
=
V3
dh _dh av
dt — dV ' dt
1
V=§7tr2h
h 2
V=—T[(—> h
V3
V—1 h h
—3"\3
T
V =—h3
9
dV_nh2
dh 3
dV_nh2
dh 3
dh 3
dV — mh?
dh _dh dv
dt  dv ' dt

Find % whent = 10 minutes
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dh_ 3 3
dt mh?2'20
dh_ 9
dt  20mh?
Whent = 10,
d_Vziel/:it
dt 20 20
3 3
V—%(lo)—z
WhenV ==
3
S _Z3
2 9h
9 3
3 __ =
h T 2
27
h3 =—
21
1
h—<27)3
\2n
dh_ 9
dt 2
27\3
ZOn(E)
2
dh_ 9 (2n)3_00542
dt — 20m\27)
Kang Kooi Wei
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10. (a) Show that Sinatsing _ cot [ﬁ%a]

cosa—cos f -

(b) Use trigonometric identities to verify that
. . 2tan
(i) sinf = 2
1+tan2-
1—tanzg
(iii) cosf = <
1+tan2—

Hence, solve the equation 3sin 8 + cos 8 = 2 for 0° < 8 < 180°. Give your answers
correct to three decimal places.

SOLUTION
10(a)

sina + sin 8 _ ZSin(a;ﬁ)cos(a;ﬁ)

cosa —cosf —Zsin(a-l_ﬁ)sin(agﬁ)

10(bi)

0
Sin SlTLZCOS2

0 0 cos%

= 2sin—cos—
sin = cos > 5
cos~

.0 ,0
B 25m7cos 7

9
cos 7

= 2tan - cos® -
aleCOS 2
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_5 6 1
—tanE 1

0
22
cos®

= 2tan—
22
sec®

_ Ztani

0
22
sec®

7]
2tan 5

0
22
1+ tan >

10(bii)
=1-2sin*Z
cos @ sin® >
9 coszg
= (1 — Zsin2—>.
2 20
cos® 5

(1 — 2sin? Q) coszg

B 2
o 0
29
cos? 5
1 ZSiI’lZ% , 0
= e 5 |-cos? >
2

0
22 2N
cos®~  cos®y

0 0 1
= (sec2 B 2 tan? E) )

0
22
cos‘ 5

( 29 2t 29) 1
= (sec?=—2tan®—).
2 2 seczg

o 0
20 20
sec” 5 2 tan 5

0
22
sec’ 5

(1 + tan? %) -2 tanzg

6
29
1+ tan >
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_1—tan 5

1+ tan? =5

10(b)

3sinf + cosf =2

2

0 0
2tan7 1 —tan 5 _

3 +

0
27
1+ tan >

2

0
29
1+ tan )

Lett = tang

3( 2t >+1—t2_2
14+¢2)  14¢2
6t+1—t2_

1+t2

6t+1—t>=2(1+t%)
6t +1—t%=2+2t?

6t +1—t%=2+2t?
2422 +t>—6t—1=0

3t2—6t+1=0

B —b + Vb? — 4ac
t= 2a
SOk V(=6)2 —4(3)(1)
B 2(3)
_ 6++36—12
ad
t = 0.1835 or

tang — 0.1835

0

- = tan~10.1835
% — 10.398°

2

6 = 20.796°

t = 1.8165

tang — 1.8165

6

- = tan~11.8165
%~ 61.167°

2

6 = 122.334°
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