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1. Express 
5𝑥2+4𝑥+4

(𝑥2−4)(𝑥+2)
 in the form of partial fractions. 

 

2. Evaluate the following(if exist): 

a) lim
𝑥→2

𝑥2+4𝑥−12

|𝑥−2|
 

b) lim
𝑥→1

1−√𝑥

1−𝑥
 

 

3. Find the derivative of the following functions: 

a) 𝑓(𝑥) = 𝑐𝑜𝑡√4𝑥2 + 1 

b) 𝑓(𝑥) = 𝑒2𝑥 ln(3𝑥 + 4) 

 

4. Given 𝑐𝑜𝑠𝑒𝑐2𝑥 − cot 𝑥 = 3, show that 𝑐𝑜𝑡2𝑥 − cot 𝑥 − 2 = 0. Hence, solve the equation 

𝑐𝑜𝑠𝑒𝑐2𝑥 − 𝑐𝑜𝑡𝑥 = 3 for 0 ≤ 𝑥 ≤ 𝜋. 

 

5. A polynomial 𝑃(𝑥) = 2𝑥4 + 𝑎𝑥3 + 𝑏𝑥2 − 17𝑥 + 𝑐 where 𝑎, 𝑏 𝑎𝑛𝑑 𝑐 are constants, has 

factors (𝑥 + 2) and (𝑥 − 1). When 𝑃(𝑥) is divided by (𝑥 + 1), the remainder is 8. Find the 

values of 𝑎, 𝑏 𝑎𝑛𝑑 𝑐. Hence, factorize 𝑃(𝑥) completely and state its zeroes. 

 

6. (a) Evaluate lim
𝑥→∞

√2𝑥2+3𝑥

5𝑥+1
. 

(b) Given 𝑓(𝑥) = {

5 − 𝑝𝑥 , −2 < 𝑥 ≤ −1

𝑥2 + 𝑝𝑥 + 𝑞 , −1 < 𝑥 ≤ 2
𝑥2−4

𝑥−2
, 𝑥 > 2

 

(i) Find the values of 𝑝 and 𝑞 if 𝑓(𝑥) is continuous for all real values of 𝑥. 

(ii) Sketch the graph of 𝑓(𝑥) using the values p and q obtained in part (i).  
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7. A curve is given by the parametric equations 𝑥 = 𝑡 −
1

𝑡
, 𝑦 = 𝑡 +

1

𝑡
. 

a) Find 
𝑑𝑦

𝑑𝑥
 and 

𝑑2𝑦

𝑑𝑥2
 in terns of 𝑡. 

b) Obtain the coordinates of the stationary points of the curve and determine the 

nature of the points. 

 

8. (a) If 𝑦2 − 2𝑦√(1 + 𝑥2) + 𝑥2 = 0,  show that 
𝑑𝑦

𝑑𝑥
=

𝑥

√(1+𝑥2)
. 

(b) Water is running at a steady rate of 36𝜋 𝑐𝑚3𝑠−1 into a right inverted circular cone 

with a semi-vertical angle of 45°. 

(i) Find the rate of increasing in water depth when the water level is 3 cm. 

(ii) Find the time taken when the depth of the water is 18cm. 

 

9. (a) Determine the values of 𝑅 and 𝛼, where 𝑅 > 0 and 0° < 𝛼 < 90° so that 3 sin 𝜃 −

 4 cos 𝜃 = 𝑅𝑠𝑖𝑛(𝜃 − 𝛼). 

(b) Hence, solve the equation 3 sin𝜃 −  4 cos 𝜃 = 2 for 0° ≤ 𝜃 ≤ 360°. 

(c) From the answer obtained in part (b), find the value of 𝜃 for 0° ≤ 𝜃 ≤ 360° so that 

𝑓(𝜃) =
1

3𝑠𝑖𝑛𝜃−4 𝑐𝑜𝑠𝜃+15
 is minimum. Hence, find the minimum value of 𝑓. 

 

10. (a) Find the value of 𝑘 if the slope of the curve 𝑥3 + 𝑘𝑥2𝑦 − 2𝑦2 = 0 at the point (-1,1) 

is -3. 

(b) Given 𝑦 =
sin 𝑥

1+cos𝑥
. 

(i) Find 
𝑑𝑦

𝑑𝑥
 and 

𝑑2𝑦

𝑑𝑥2
 in terms of 𝑥. 

(ii) Hence, show that 
𝑑3𝑦

𝑑𝑥3
− 𝑦

𝑑2𝑦

𝑑𝑥2
− (

𝑑𝑦

𝑑𝑥
)
2
= 0. 
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1. Express 
5𝑥2+4𝑥+4

(𝑥2−4)(𝑥+2)
 in the form of partial fractions. 

SOLUTION 

5𝑥2 + 4𝑥 + 4

(𝑥2 − 4)(𝑥 + 2)
=

5𝑥2 + 4𝑥 + 4

(𝑥 − 2)(𝑥 + 2)(𝑥 + 2)
 

=
5𝑥2 + 4𝑥 + 4

(𝑥 − 2)(𝑥 + 2)2
 

=
𝐴

(𝑥 − 2)
+

𝐵

(𝑥 + 2)
+

𝐶

(𝑥 + 2)2
 

=
𝐴(𝑥 + 2)2 + 𝐵(𝑥 + 2)(𝑥 − 2) + 𝐶(𝑥 − 2)

(𝑥 − 2)(𝑥 + 2)2
 

5𝑥2 + 4𝑥 + 4

(𝑥 − 2)(𝑥 + 2)2
=
𝐴(𝑥 + 2)2 + 𝐵(𝑥 + 2)(𝑥 − 2) + 𝐶(𝑥 − 2)

(𝑥 − 2)(𝑥 + 2)2
 

5𝑥2 + 4𝑥 + 4 = 𝐴(𝑥 + 2)2 + 𝐵(𝑥 + 2)(𝑥 − 2) + 𝐶(𝑥 − 2) 

𝑊ℎ𝑒𝑛 𝑥 = 2: 

5(2)2 + 4(2) + 4 = 𝐴(2 + 2)2 

32 = 16𝐴 

𝐴 = 2 

𝑊ℎ𝑒𝑛 𝑥 = −2: 

5(−2)2 + 4(−2) + 4 = 𝐶[(−2) − 2] 

16 = −4𝐶 

𝐶 = −4 

𝑊ℎ𝑒𝑛 𝑥 = 0, 𝐴 = 2, 𝐶 = −4: 

5(0)2 + 4(0) + 4 = 2[(0) + 2]2 + 𝐵(0 + 2)(0 − 2) + (−4)(0 − 2) 

4 = 2(4) − 4𝐵 + 8 
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4𝐵 = 12 

𝐵 = 3 

 

5𝑥2 + 4𝑥 + 4

(𝑥2 − 4)(𝑥 + 2)
=

2

(𝑥 − 2)
+

3

(𝑥 + 2)
−

4

(𝑥 + 2)2
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2. Evaluate the following(if exist): 

a) lim
𝑥→2

𝑥2+4𝑥−12

|𝑥−2|
 

b) lim
𝑥→1

1−√𝑥

1−𝑥
 

 

SOLUTION 

(a) 

lim
𝑥→2

𝑥2 + 4𝑥 − 12

|𝑥 − 2|
= lim
𝑥→2

(𝑥 + 6)(𝑥 − 2)

|𝑥 − 2|
 

|𝑥 − 2| = {
(𝑥 − 2), 𝑥 ≥ 2
−(𝑥 − 2), 𝑥 < −2

 

(𝑥 + 6)(𝑥 − 2)

|𝑥 − 2|
=

{
 

 
(𝑥 + 6)(𝑥 − 2)

𝑥 − 2
, 𝑥 ≥ 2

(𝑥 + 6)(𝑥 − 2)

−(𝑥 − 2)
, 𝑥 < −2

 

= {
𝑥 + 6, 𝑥 ≥ 2

−(𝑥 + 6), 𝑥 < −2
 

lim
𝑥→2−

(𝑥 + 6)(𝑥 − 2)

|𝑥 − 2|
 = lim

𝑥→2−
−(𝑥 + 6) 

= −(2 + 6) 

= −8 

lim
𝑥→2+

(𝑥 + 6)(𝑥 − 2)

|𝑥 − 2|
 = lim

𝑥→2+
(𝑥 + 6) 

= (2 + 6) 

= 8 
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𝑆𝑖𝑛𝑐𝑒 lim
𝑥→2−

(𝑥 + 6)(𝑥 − 2)

|𝑥 − 2|
 

≠ lim
𝑥→2+

(𝑥 + 6)(𝑥 − 2)

|𝑥 − 2|
 , 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 lim

𝑥→2

𝑥2 + 4𝑥 − 12

|𝑥 − 2|
 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑡𝑠. 

(b) 

lim
𝑥→1

1 − √𝑥

1 − 𝑥
= lim

𝑥→1

1 − √𝑥

12 − (√𝑥)
2  

= lim
𝑥→1

1 − √𝑥

(1 + √𝑥)(1 − √𝑥)
 

= lim
𝑥→1

1

(1 + √𝑥)
 

=
1

(1 + √1)
 

=
1

2
 

 

 

 

 

 

 

 

 

 

 

𝑎2 + 𝑏2 = (𝑎 + 𝑏)(𝑎 − 𝑏) 
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PSPM I 
QS 015/2 Session 

2015/2016 

 

Kang Kooi Wei  Page 9 
 

3. Find the derivative of the following functions: 

a) 𝑓(𝑥) = 𝑐𝑜𝑡√4𝑥2 + 1 

b) 𝑓(𝑥) = 𝑒2𝑥 ln(3𝑥 + 4) 

 

SOLUTION 

(a) 

𝑓(𝑥) = 𝑐𝑜𝑡√4𝑥2 + 1 

𝑓(𝑥) = 𝑐𝑜𝑡(4𝑥2 + 1)
1
2 

𝑓′(𝑥) = −𝑐𝑜𝑠𝑒𝑐2 (4𝑥2 + 1)
1
2  
𝑑

𝑑𝑥
(4𝑥2 + 1)

1
2 

= −𝑐𝑜𝑠𝑒𝑐2 (4𝑥2 + 1)
1
2  (
1

2
) (4𝑥2 + 1)−

1
2
𝑑

𝑑𝑥
(4𝑥2 + 1) 

= −𝑐𝑜𝑠𝑒𝑐2 (4𝑥2 + 1)
1
2  (
1

2
) (4𝑥2 + 1)−

1
2(8𝑥) 

= −(
1

2
) (8𝑥)(4𝑥2 + 1)−

1
2 𝑐𝑜𝑠𝑒𝑐2 (4𝑥2 + 1)

1
2  

= −
(4𝑥)

(4𝑥2 + 1)
1
2

 𝑐𝑜𝑠𝑒𝑐2 (4𝑥2 + 1)
1
2 

= −
4𝑥 𝑐𝑜𝑠𝑒𝑐2√(4𝑥2 + 1)

√(4𝑥2 + 1)
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(b) 

𝑓(𝑥) = 𝑒2𝑥 ln(3𝑥 + 4) 

𝑢 = 𝑒2𝑥   𝑣 = ln(3𝑥 + 4) 

𝑢′ = 𝑒2𝑥
𝑑

𝑑𝑥
(2𝑥)  𝑣′ =

1

3𝑥+4

𝑑

𝑑𝑥
(3𝑥 + 4) 

= 2𝑒2𝑥 =
3

3𝑥+4
 

𝑓′(𝑥) = (𝑒2𝑥) (
3

3𝑥 + 4
) + [ln(3𝑥 + 4)](2𝑒2𝑥) 

=
3𝑒2𝑥

3𝑥 + 4
+ 2𝑒2𝑥 ln(3𝑥 + 4) 

= 𝑒2𝑥 [
3

3𝑥 + 4
+ 2 ln(3𝑥 + 4)] 
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4. Given 𝑐𝑜𝑠𝑒𝑐2𝑥 − cot 𝑥 = 3, show that 𝑐𝑜𝑡2𝑥 − cot 𝑥 − 2 = 0. Hence, solve the equation 

𝑐𝑜𝑠𝑒𝑐2𝑥 − 𝑐𝑜𝑡𝑥 = 3 for 0 ≤ 𝑥 ≤ 𝜋. 

 

SOLUTION 

𝑐𝑜𝑠𝑒𝑐2𝑥 − cot 𝑥 = 3 

(1 + 𝑐𝑜𝑡2𝑥) − cot 𝑥 = 3 

𝑐𝑜𝑡2𝑥 − cot 𝑥 + 1 = 3 

𝑐𝑜𝑡2𝑥 − cot 𝑥 + 1 − 3 = 0 

𝑐𝑜𝑡2𝑥 − cot 𝑥 − 2 = 0 

 

𝑐𝑜𝑠𝑒𝑐2𝑥 − 𝑐𝑜𝑡𝑥 = 3 ,   0 ≤ 𝑥 ≤ 𝜋 

𝑐𝑜𝑡2𝑥 − cot 𝑥 − 2 = 0 

Let 𝒖 =  𝒄𝒐𝒕 𝒙 

𝑢2 − 𝑢 − 2 = 0 

(𝑢 − 2)(𝑢 + 1) = 0 

𝑢 = 2  𝑢 = −1 

𝑐𝑜𝑡 𝑥 = 2 or 𝑐𝑜𝑡 𝑥 = −1 

1

tan𝑥
= 2 or 

1

tan𝑥
= −1 

tan 𝑥 =
1

2
 or tan 𝑥 = −1 
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For tan 𝑥 =
1

2
 

 

 

 

𝑥 = 0.464 

 

For tan 𝑥 = −1 

 

 

 

𝑥 = 𝜋 −
𝜋

4
= 
3𝜋

4
 

 

∴ 𝒙 = 𝟎. 𝟒𝟔𝟒,
𝟑𝝅

𝟒
 

 

 

 

 

 

 

0.464 

0.464 

𝜋

4
 

𝜋

4
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5. A polynomial 𝑃(𝑥) = 2𝑥4 + 𝑎𝑥3 + 𝑏𝑥2 − 17𝑥 + 𝑐 where 𝑎, 𝑏 𝑎𝑛𝑑 𝑐 are constants, has 

factors (𝑥 + 2) and (𝑥 − 1). When 𝑃(𝑥) is divided by (𝑥 + 1), the remainder is 8. Find the 

values of 𝑎, 𝑏 𝑎𝑛𝑑 𝑐. Hence, factorize 𝑃(𝑥) completely and state its zeroes. 

 

SOLUTION 

𝑃(−2) = 0 

𝑃(1) = 0 

𝑃(−1) = 8 

For 𝑷(−𝟐) = 𝟎 

𝑃(𝑥) = 2𝑥4 + 𝑎𝑥3 + 𝑏𝑥2 − 17𝑥 + 𝑐 

𝑃(−2) = 2(−2)4 + 𝑎(−2)3 + 𝑏(−2)2 − 17(−2) + 𝑐 

0 = 32 − 8𝑎 + 4𝑏 + 34 + 𝑐 

8𝑎 − 4𝑏 − 𝑐 = 66  ………………………………….. (1) 

 

For 𝑷(𝟏) = 𝟎 

𝑃(1) = 2(1)4 + 𝑎(1)3 + 𝑏(1)2 − 17(1) + 𝑐 

0 = 2 + 𝑎 + 𝑏 − 17 + 𝑐 

𝑎 + 𝑏 + 𝑐 = 15   ………………………………….. (2) 

 

For 𝑷(−𝟏) = 𝟖 

𝑃(−1) = 2(−1)4 + 𝑎(−1)3 + 𝑏(−1)2 − 17(−1) + 𝑐 

8 = 2 − 𝑎 + 𝑏 + 17 + 𝑐 
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𝑎 − 𝑏 − 𝑐 = 11   ………………………………….. (3) 

(2) + (3) 

2𝑎 =  26 

𝑎 =  13    ………………………………….. (4) 

 

Substitute (4) into (1) 

8(13) − 4𝑏 − 𝑐 = 66 

4𝑏 +  𝑐 =  38   ………………………………….. (5) 

 

Substitute (4) into (2) 

13 + 𝑏 + 𝑐 = 15   

𝑏 + 𝑐 = 2   ………………………………….. (6) 

 

(5) – (6) 

3𝑏 =  36 

𝑏 =  12    ………………………………….. (7) 

 

Substitute (7) into (6) 

12 + 𝑐 = 2 

𝑐 = −10 

∴ 𝑎 = 13, 𝑏 = 12, 𝑐 =  −10 
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𝑃(𝑥) = 2𝑥4 + 13𝑥3 + 12𝑥2 − 17𝑥 − 10 

𝑃(−2) = 0    (𝑥 +  2) 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑃(𝑥) 

𝑃(1) = 0   (𝑥 − 1) 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑃(𝑥) 

𝑃(𝑥) = (𝑥 + 2)(𝑥 − 1)𝑄(𝑥) 

= (𝑥2 + 𝑥 − 2)𝑄(𝑥) 

 

5112

0

1055

1055

221111

10171611

          422

1017121322

2

2

2

23

23

234

2342















xx

xx

xx

xxx

xxx

xxx

xxxxxx  

 

𝑃(𝑥) = (𝑥 + 2)(𝑥 − 1)(2𝑥2 + 11𝑥 + 5) 

= (𝑥 + 2)(𝑥 − 1)(2𝑥 + 1)(𝑥 + 5) 

 

When 𝑃(𝑥) = 0 

(𝑥 + 2)(𝑥 − 1)(2𝑥 + 1)(𝑥 + 5) = 0 

𝑥 = −2,   𝑥 = 1,   𝑥 = −
1

2
 ,    𝑥 =  −5 

 

Factor Theorem 

𝐼𝑓 𝑃(𝑎) =  0 𝑡ℎ𝑒𝑛  

(𝑥 − 𝑎) 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑃(𝑥) 
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6. (a) Evaluate lim
𝑥→−∞

√2𝑥2+3𝑥

5𝑥+1
. 

(b) Given 𝑓(𝑥) = {

5 − 𝑝𝑥 , −2 < 𝑥 ≤ −1

𝑥2 + 𝑝𝑥 + 𝑞 , −1 < 𝑥 ≤ 2
𝑥2−4

𝑥−2
, 𝑥 > 2

 

(i) Find the values of 𝑝 and 𝑞 if 𝑓(𝑥) is continuous for all real values of 𝑥. 

(ii) Sketch the graph of 𝑓(𝑥) using the values p and q obtained in part (i).  

 

SOLUTION 

(a) 

lim
𝑥→−∞

√2𝑥2 + 3𝑥

5𝑥 + 1
= lim

𝑥→−∞

√2𝑥
2

𝑥2
+
3𝑥
𝑥2

5𝑥
𝑥 +

1
𝑥

 

= lim
𝑥→−∞

√2 +
3
𝑥

5 +
1
𝑥

 

=
−√2 + 0

5 + 0
 

= −
√2

5
 

(𝐛) 

𝑓(𝑥) =

{
 

 
5 − 𝑝𝑥 , −2 < 𝑥 ≤ −1

𝑥2 + 𝑝𝑥 + 𝑞 , −1 < 𝑥 ≤ 2

𝑥2 − 4

𝑥 − 2
, 𝑥 > 2

 

(i) 𝑓(𝑥) is continuous at x = -1. 

lim
𝑥→−1−

𝑓(𝑥) =  lim
𝑥→−1+

𝑓(𝑥) 
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lim
𝑥→−1−

5 − 𝑝𝑥 =  lim
𝑥→−1+

𝑥2 + 𝑝𝑥 + 𝑞 

5 − 𝑝(−1) =  (−1)2 + 𝑝(−1) + 𝑞 

5 + 𝑝 =  1 − 𝑝 + 𝑞 

2𝑝 − 𝑞 = −4  …………………….. (1) 

 

𝑓(𝑥) is continuous at x = 2. 

lim
𝑥→2−

𝑓(𝑥) =  lim
𝑥→2+

𝑓(𝑥) 

lim
𝑥→2−

𝑥2 + 𝑝𝑥 + 𝑞 = lim
𝑥→2+

𝑥2 − 4

𝑥 − 2
 

22 + 2𝑝 + 𝑞 = lim
𝑥→2+

(𝑥 + 2)(𝑥 − 2)

𝑥 − 2
 

4 + 2𝑝 + 𝑞 =  lim
𝑥→2+

(𝑥 + 2) 

4 + 2𝑝 + 𝑞 =  2 + 2 

2𝑝 + 𝑞 =  0  …………………….. (2) 

 

(2) - (1) 

2𝑞 =  4 

𝑞 =  2 

𝑝 =  −1 
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𝑓(𝑥) = {

5 + 𝑥 , −2 < 𝑥 ≤ −1

𝑥2 − 𝑥 + 2 , −1 < 𝑥 ≤ 2

𝑥2 − 4

𝑥 − 2
, 𝑥 > 2

 

 

= {

5 + 𝑥 , −2 < 𝑥 ≤ −1

𝑥2 − 𝑥 + 2 , −1 < 𝑥 ≤ 2
(𝑥 + 2)(𝑥 − 2)

𝑥 − 2
, 𝑥 > 2

 

 

= {
5 + 𝑥 , −2 < 𝑥 ≤ −1

𝑥2 − 𝑥 + 2 , −1 < 𝑥 ≤ 2
𝑥 + 2 , 𝑥 > 2

 

 

(ii) Sketch the graph of 𝑓(𝑥) 

 

 

 

 

 

 

 

 

 

Sketch 𝒚 = 𝒙𝟐 − 𝒙 + 𝟐 

1. a = 1, b = -1, c = 2 

2. a > 0 (open upwards) 

3. Minimum point 

𝑥 =
−𝑏

2𝑎
=
1

2
 

𝑦 =
𝑏2 − 4𝑎𝑐

−4𝑎
=
1 − 8

−4
=
7

4
 

4. Intercept 

When 𝑥 =  0, 𝑦 =  2 

x 

𝑓(𝑥) 

4 

-2 -1 2 
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7. A curve is given by the parametric equations 𝑥 = 𝑡 −
1

𝑡
, 𝑦 = 𝑡 +

1

𝑡
. 

a) Find 
𝑑𝑦

𝑑𝑥
 and 

𝑑2𝑦

𝑑𝑥2
 in terns of 𝑡. 

b) Obtain the coordinates of the stationary points of the curve and determine the nature 

of the points. 

 

SOLUTION 

(a) 

𝑥 = 𝑡 −
1

𝑡
   𝑦 = 𝑡 +

1

𝑡
 

𝑥 = 𝑡 − 𝑡−1   𝑦 = 𝑡 + 𝑡−1 

𝑑𝑥

𝑑𝑡
= 1 + 𝑡−2   

𝑑𝑦

𝑑𝑡
= 1 − 𝑡−2 

𝑑𝑥

𝑑𝑡
= 1 +

1

𝑡2
   

𝑑𝑦

𝑑𝑡
= 1 −

1

𝑡2
  

𝑑𝑥

𝑑𝑡
=

𝑡2+1

𝑡2
   

𝑑𝑦

𝑑𝑡
=

𝑡2−1

𝑡2
 

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑡
.
𝑑𝑡

𝑑𝑥
 

=
𝑡2 − 1

𝑡2
.
𝑡2

𝑡2 + 1
 

=
𝑡2 − 1

𝑡2 + 1
 

𝑑2𝑦

𝑑𝑥2
=
𝑑

𝑑𝑡
(
𝑑𝑦

𝑑𝑥
) .
𝑑𝑡

𝑑𝑥
 

𝑑

𝑑𝑡
(
𝑑𝑦

𝑑𝑥
) =

𝑑

𝑑𝑡
(
𝑡2 − 1

𝑡2 + 1
) 

𝑢 =  𝑡2 − 1  𝑣 =  𝑡2 + 1 

𝑢′ = 2𝑡   𝑣’ = 2𝑡 
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𝑑

𝑑𝑡
(
𝑑𝑦

𝑑𝑥
) =

𝑣𝑢′ − 𝑢𝑣′

𝑣2
 

=
(𝑡2 + 1)(2𝑡) − (𝑡2 − 1)(2𝑡)

(𝑡2 + 1)2
 

=
(2𝑡3 + 2𝑡) − (2𝑡3 − 2𝑡)

(𝑡2 + 1)2
 

=
2𝑡3 + 2𝑡 − 2𝑡3 + 2𝑡

(𝑡2 + 1)2
 

=
4𝑡

(𝑡2 + 1)2
 

𝑑2𝑦

𝑑𝑥2
=
𝑑

𝑑𝑡
(
𝑑𝑦

𝑑𝑥
) .
𝑑𝑡

𝑑𝑥
 

=
4𝑡

(𝑡2 + 1)2
.
𝑡2

𝑡2 + 1
 

=
4𝑡3

(𝑡2 + 1)3
 

 

(b) 

To obtain the coordinates of the stationary points, 

Let   
𝑑𝑦

𝑑𝑥
= 0 

𝑡2 − 1

𝑡2 + 1
= 0 

𝑡2 − 1 = 0 

𝑡2 = 1 

𝑡 = ±1 
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𝑊ℎ𝑒𝑛 𝑡 = 1 

𝑥 = 𝑡 −
1

𝑡
   𝑦 = 𝑡 +

1

𝑡
 

𝑥 = 1 −
1

1
   𝑦 = 1 +

1

1
 

𝑥 = 0    𝑦 = 2 

𝑊ℎ𝑒𝑛 𝑡 = −1 

𝑥 = 𝑡 −
1

𝑡
   𝑦 = 𝑡 +

1

𝑡
 

𝑥 = −1 −
1

−1
   𝑦 = −1 +

1

−1
 

𝑥 = 0    𝑦 = −2 

𝑇ℎ𝑒 𝑠𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡𝑠 𝑎𝑟𝑒 (0, −2) 𝑎𝑛𝑑 (0, 2) 

𝑊ℎ𝑒𝑛 𝑡 = 1, 𝑎𝑛𝑑 𝑎𝑡 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 (0,2) 

𝑑2𝑦

𝑑𝑥2
=

4𝑡3

(𝑡2 + 1)3
 

=
4(1)3

((1)2 + 1)3
 

> 0 (Min) 

𝑊ℎ𝑒𝑛 𝑡 = −1, 𝑎𝑛𝑑 𝑎𝑡 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 (0, −2) 

𝑑2𝑦

𝑑𝑥2
=

4𝑡3

(𝑡2 + 1)3
 

=
4(−1)3

((−1)2 + 1)3
 

< 0 (Max) 

∴   (0, −2)𝑖𝑠 𝑎 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑝𝑜𝑖𝑛𝑡, (0,2)𝑖𝑠 𝑎 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑝𝑜𝑖𝑛𝑡 
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8. (a) If 𝑦2 − 2𝑦√(1 + 𝑥2) + 𝑥2 = 0,  show that 
𝑑𝑦

𝑑𝑥
=

𝑥

√(1+𝑥2)
. 

(b) Water is running at a steady rate of 36𝜋 𝑐𝑚3𝑠−1 into a right inverted circular cone 

with a semi-vertical angle of 45°. 

(i) Find the rate of increasing in water depth when the water level is 3 cm. 

(ii) Find the time taken when the depth of the water is 18cm. 

 

SOLUTION 

(a) 𝑦2 − 2𝑦√(1 + 𝑥2) + 𝑥2 = 0 

𝑦2 − 2𝑦(1 + 𝑥2)
1
2 + 𝑥2 = 0 

2𝑦
𝑑𝑦

𝑑𝑥
− [(2𝑦) (

1

2
) (1 + 𝑥2)−

1
2(2𝑥) + (1 + 𝑥2)

1
2 (2

𝑑𝑦

𝑑𝑥
)] + 2𝑥 = 0 

2𝑦
𝑑𝑦

𝑑𝑥
− [

2𝑥𝑦

√1 + 𝑥2
+ 2√1 + 𝑥2

𝑑𝑦

𝑑𝑥
] + 2𝑥 = 0 

2𝑦
𝑑𝑦

𝑑𝑥
−

2𝑥𝑦

√1 + 𝑥2
− 2√1 + 𝑥2

𝑑𝑦

𝑑𝑥
+ 2𝑥 = 0 

2𝑦
𝑑𝑦

𝑑𝑥
− 2√1 + 𝑥2

𝑑𝑦

𝑑𝑥
=

2𝑥𝑦

√1 + 𝑥2
− 2𝑥 

𝑑𝑦

𝑑𝑥
(2𝑦 − 2√1 + 𝑥2) =

2𝑥𝑦 − 2𝑥√1 + 𝑥2

√1 + 𝑥2
 

𝑑𝑦

𝑑𝑥
=

2𝑥𝑦 − 2𝑥√1 + 𝑥2

(2𝑦 − 2√1 + 𝑥2)√1 + 𝑥2
 

𝑑𝑦

𝑑𝑥
=

2𝑥(𝑦 − √1 + 𝑥2)

2(𝑦 − √1 + 𝑥2)√1 + 𝑥2
 

=
𝑥

√1 + 𝑥2
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(𝒃) 
𝒅𝒗

𝒅𝒕
= 36𝜋 𝑐𝑚3𝑠−1 

(i) Find 
𝑑ℎ

𝑑𝑡
 when h = 3 cm 

𝑑ℎ

𝑑𝑡
=
𝑑ℎ

𝑑𝑣
.
𝑑𝑣

𝑑𝑡
 

𝑣 =
1

3
𝜋𝑟2ℎ 

𝑆𝑖𝑛𝑐𝑒 𝑟 = ℎ 

𝑣 =
1

3
𝜋ℎ2ℎ 

=
1

3
𝜋ℎ3 

𝑑𝑣

𝑑ℎ
= 𝜋ℎ2 

𝑑ℎ

𝑑𝑡
=
𝑑ℎ

𝑑𝑣
.
𝑑𝑣

𝑑𝑡
 

=
1

(𝜋ℎ2)
. (36𝜋) 

=
36

ℎ2
 

𝑊ℎ𝑒𝑛 ℎ = 3 𝑐𝑚 

𝑑ℎ

𝑑𝑡
=
36

32
 

= 4𝑐𝑚𝑠−1  

 

 

 

 

r 

h 

45° 

tan 45° =
𝑟

ℎ
 

1 =
𝑟

ℎ
 

ℎ = 𝑟 
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(ii) 𝐹𝑖𝑛𝑑 𝑡 𝑤ℎ𝑒𝑛 ℎ =  18 𝑐𝑚. 

𝑣 =
1

3
𝜋ℎ3 

=
1

3
𝜋(18)3 

= 1944𝜋 

𝑑𝑣

𝑑𝑡
= 36𝜋 

1944𝜋

𝑡
= 36𝜋 

𝑡 = 54𝑠 
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9. (a) Determine the values of 𝑅 and 𝛼, where 𝑅 > 0 and 0° < 𝛼 < 90° so that  

3 sin𝜃 −  4 cos 𝜃 = 𝑅𝑠𝑖𝑛(𝜃 − 𝛼). 

(b) Hence, solve the equation 3 sin𝜃 −  4 cos 𝜃 = 2 for 0° ≤ 𝜃 ≤ 360°. 

(c) From the answer obtained in part (b), find the value of 𝜃 for 0° ≤ 𝜃 ≤ 360° so that 

𝑓(𝜃) =
1

3𝑠𝑖𝑛𝜃−4 𝑐𝑜𝑠𝜃+15
 is minimum. Hence, find the minimum value of 𝑓. 

 

SOLUTION 

(a) 

3 sin𝜃 −  4 cos 𝜃 = 𝑅𝑠𝑖𝑛(𝜃 − 𝛼). 

3 sin𝜃 −  4 cos 𝜃 = 𝑅(𝑠𝑖𝑛𝜃 cos𝛼 − cos𝜃 sin𝛼)  

3 sin𝜃 −  4 cos 𝜃 = 𝑅𝑠𝑖𝑛𝜃 cos𝛼 − Rcos 𝜃 sin𝛼  

sin 𝜃:  𝑅 cos𝛼 = 3 ………………………….. (1) 

cos𝜃:  𝑅 sin𝛼 = 4 ………………………….. (2) 

(1)2 + (2)2 

𝑅2 cos2 𝛼 + 𝑅2 sin2 𝛼 = 32 + 42 

𝑅2(cos2 𝛼 + sin2 𝛼) = 25 

𝑅2 = 25 

𝑅 = 5 

(2) ÷ (1)   

𝑅 sin𝛼

𝑅 cos 𝛼
=  
3

4
 

sin𝛼

cos𝛼
=  
3

4
 

cos2 𝛼 + sin2 𝛼 = 1 
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tan𝛼 =  
3

4
 

𝛼 = 53.1° 

∴  3 sin 𝜃 −  4 cos 𝜃 = 5 𝑠𝑖𝑛(𝜃 − 53.1°) 

 

(b) 

3 sin 𝜃 −  4 cos 𝜃 = 2    0° ≤ 𝜃 ≤ 360° 

5 𝑠𝑖𝑛(𝜃 − 53.1°) = 2 

 𝑠𝑖𝑛(𝜃 − 53.1°) =
2

5
 

𝑠𝑖𝑛(𝜃 − 53.1°) = 0.4 

0° ≤ 𝜃 ≤ 360° 

0° − 53.1° ≤ 𝜃 − 53.1° ≤ 360° − 53.1° 

−53.1° ≤ 𝜃 − 53.1° ≤ 306.9° 

𝑠𝑖𝑛(𝜃 − 53.1°) = 0.4 

 

 

 

 

𝜃 − 53.1° = 23.6°, 180° − 23.6° 

𝜃 − 53.1° = 23.6°, 156.4° 

𝜃 = 23.6° + 53.1°, 156.4° + 53.1° 

𝜃 = 76.7°, 209.5° 

 

23.6° 23.6° 
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(c) 

𝑓(𝜃) =
1

3𝑠𝑖𝑛𝜃 − 4 𝑐𝑜𝑠𝜃 + 15
 

 

𝑓(𝜃) =
1

5 𝑠𝑖𝑛(𝜃 − 53.1°) + 15
 

Since −1 ≤ 𝑠𝑖𝑛(𝜃 − 53.1°) ≤ 1 

For 𝑓(𝜃) minimum 

𝑠𝑖𝑛(𝜃 − 53.1°) = 1 

𝜃 − 53.1° = 90° 

𝜃 = 143.1° 

Therfore, the minimum value of 𝑓(𝜃) 

𝑓(𝜃) =
1

5 𝑠𝑖𝑛(143.1° − 53.1°) + 15
 

=
1

5 𝑠𝑖𝑛(90°) + 15
 

=
1

5 (1) + 15
 

=
1

20
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10. (a) Find the value of 𝑘 if the slope of the curve 𝑥3 + 𝑘𝑥2𝑦 − 2𝑦2 = 0 at the point (-1,1) 

is -3. 

(b) Given 𝑦 =
sin 𝑥

1+cos𝑥
. 

(i) Find 
𝑑𝑦

𝑑𝑥
 and 

𝑑2𝑦

𝑑𝑥2
 in terms of 𝑥. 

(ii) Hence, show that 
𝑑3𝑦

𝑑𝑥3
− 𝑦

𝑑2𝑦

𝑑𝑥2
− (

𝑑𝑦

𝑑𝑥
)
2
= 0. 

 

SOLUTION 

(a) 

𝑥3 + 𝑘𝑥2𝑦 − 2𝑦2 = 0 

3𝑥2 + [𝑘𝑥2
𝑑𝑦

𝑑𝑥
+ 2𝑘𝑥𝑦] − 4𝑦

𝑑𝑦

𝑑𝑥
= 0 

3𝑥2 + 𝑘𝑥2
𝑑𝑦

𝑑𝑥
+ 2𝑘𝑥𝑦 − 4𝑦

𝑑𝑦

𝑑𝑥
= 0 

𝑘𝑥2
𝑑𝑦

𝑑𝑥
− 4𝑦

𝑑𝑦

𝑑𝑥
= −2𝑘𝑥𝑦 − 3𝑥2 

𝑑𝑦

𝑑𝑥
[𝑘𝑥2 − 4𝑦] = −2𝑘𝑥𝑦 − 3𝑥2 

𝑑𝑦

𝑑𝑥
=
−2𝑘𝑥𝑦 − 3𝑥2

𝑘𝑥2 − 4𝑦
 

 

At the point (-1,1)  x = -1, y =1 
𝑑𝑦

𝑑𝑥
= −3 

𝑑𝑦

𝑑𝑥
=
−2𝑘𝑥𝑦 − 3𝑥2

𝑘𝑥2 − 4𝑦
 

−3 =
−2𝑘(−1)(1) − 3(−1)2

𝑘(−1)2 − 4(1)
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−3 =
2𝑘 − 3

𝑘 − 4
 

−3(𝑘 − 4) = 2𝑘 − 3 

−3𝑘 + 12 = 2𝑘 − 3 

12 + 3 = 2𝑘 + 3𝑘 

5𝑘 = 15 

𝑘 = 3 

 

(b)  

(i) 𝑦 =
sin𝑥

1+cos𝑥
 

𝑢 = sin𝑥   𝑣 = 1 + cos 𝑥 

𝑢′ = cos 𝑥   𝑣′ = − sin𝑥 

𝑑𝑦

𝑑𝑥
=
(1 + cos 𝑥)(cos 𝑥) − (sin 𝑥)(− sin𝑥)

(1 + cos 𝑥)2
 

=
cos 𝑥 + cos2 𝑥 + sin2 𝑥

(1 + cos 𝑥)2
 

=
cos 𝑥 + 1

(1 + cos 𝑥)2
 

=
1

1 + cos 𝑥
 

= (1 + cos 𝑥)−1 

𝑑2𝑦

𝑑𝑥2
= −(1 + cos 𝑥)−2

𝑑

𝑑𝑥
(1 + cos𝑥) 

= −(1 + cos 𝑥)−2(− sin𝑥) 
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=
sin𝑥

(1 + cos 𝑥)2
 

(ii) show that 
𝑑3𝑦

𝑑𝑥3
− 𝑦

𝑑2𝑦

𝑑𝑥2
− (

𝑑𝑦

𝑑𝑥
)
2
= 0 

𝑑2𝑦

𝑑𝑥2
=

sin 𝑥

(1 + cos 𝑥)2
 

𝑢 = sin 𝑥   𝑣 = (1 + cos 𝑥)2 

𝑢′ = cos𝑥   𝑣′ = 2(1 + cos 𝑥)
𝑑

𝑑𝑥
(1 + cos𝑥) 

= 2(1 + cos 𝑥)(− sin 𝑥) 

= −2 sin𝑥 (1 + cos 𝑥) 

𝑑3𝑦

𝑑𝑥3
=
(1 + cos 𝑥)2(cos 𝑥) − [−2 sin𝑥 (1 + cos 𝑥)](sin 𝑥)

[(1 + cos 𝑥)2]2
 

=
(1 + cos 𝑥)2(cos𝑥) + 2 sin2 𝑥 (1 + cos 𝑥)

(1 + cos 𝑥)4
 

=
(1 + cos 𝑥)[cos 𝑥 (1 + cos 𝑥) + 2 sin2 𝑥]

(1 + cos 𝑥)4
 

=
cos 𝑥 + cos2 𝑥 + 2 sin2 𝑥

(1 + cos 𝑥)3
 

𝑑3𝑦

𝑑𝑥3
− 𝑦

𝑑2𝑦

𝑑𝑥2
− (

𝑑𝑦

𝑑𝑥
)
2

 

= (
cos𝑥 + cos2 𝑥 + 2 sin2 𝑥

(1 + cos 𝑥)3
) − 𝑦 (

sin𝑥

(1 + cos 𝑥)2
) − (

1

1 + cos 𝑥
)
2

 

=
cos 𝑥 + cos2 𝑥 + 2 sin2 𝑥

(1 + cos 𝑥)3
−

𝑦 sin 𝑥

(1 + cos 𝑥)2
−

1

(1 + cos𝑥)2
 

=
cos 𝑥 + cos2 𝑥 + 2 sin2 𝑥

(1 + cos 𝑥)3
−
(

sin𝑥
1 + cos𝑥) sin𝑥

(1 + cos𝑥)2
−

1

(1 + cos 𝑥)2
 

=
cos 𝑥 + cos2 𝑥 + 2 sin2 𝑥

(1 + cos 𝑥)3
−

sin2 𝑥

(1 + cos 𝑥)3
−

1 + cos 𝑥

(1 + cos𝑥)3
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=
cos 𝑥 + cos2 𝑥 + 2 sin2 𝑥 − sin2 𝑥 − (1 + cos 𝑥)

(1 + cos 𝑥)3
 

=
cos 𝑥 + cos2 𝑥 + 2 sin2 𝑥 − sin2 𝑥 − 1 − cos 𝑥

(1 + cos 𝑥)3
 

=
cos2 𝑥 + sin2 𝑥 − 1

(1 + cos𝑥)3
 

=
1 − 1

(1 + cos 𝑥)3
 

= 0 
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