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5x%+4x+4

renroresdll the form of partial fractions.

1. Express

2. Evaluate the following(if exist):
. x24+4x—-12
a) lim———
x-2 |x-2|
)  lim2E
x-1 1—-x
3. Find the derivative of the following functions:

a) f(x) = cotvax? + 1

b) f(x) =e*In(3x + 4)

4, Given cosec?x — cotx = 3, show that cot?x — cotx — 2 = 0. Hence, solve the equation

cosec’x —cotx =3for0 < x <.

5. A polynomial P(x) = 2x* + ax3 + bx? — 17x + c where a, b and c are constants, has
factors (x + 2) and (x — 1). When P(x) is divided by (x + 1), the remainder is 8. Find the

values of a, b and c. Hence, factorize P(x) completely and state its zeroes.

A/ 2
6. (a) Evaluate lim 22 *3%

x—00 S5x+1

5-px , —2<x<-1
(b) Given f(x) = x2+2px+q , —l<x<2
T , x> 2
x—2
(i) Find the values of p and q if f(x) is continuous for all real values of x.

(ii) Sketch the graph of f(x) using the values p and q obtained in part (i).
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7.
a)
b)
8 (a)
(b)
9 (a)
(b)
(c)
10. (a)

L . . 1
A curve is given by the parametric equations x = t — wy=t+to

1
t

., dy d?y .
Find =~ and —— in terns of ¢.
Obtain the coordinates of the stationary points of the curve and determine the

nature of the points.

X

2 _ 2 2 _ d—y=
If y* —2y,/(1 +x2) 4+ x* = 0, show that - Jan

Water is running at a steady rate of 36w cm3s~1 into a right inverted circular cone

with a semi-vertical angle of 45°.
(i) Find the rate of increasing in water depth when the water level is 3 cm.

(ii)  Find the time taken when the depth of the water is 18cm.

Determine the values of R and a, where R > 0 and 0° < a@ < 90° so that 3sin 6 —

4 cos @ = Rsin(6 — a).
Hence, solve the equation 3sin8 — 4 cosf = 2 for 0° < 8 < 360°.

From the answer obtained in part (b), find the value of 8 for 0° < 8 < 360° so that

1

———————— is minimum. Hence, find the minimum value of f.
3sinf—4 cosf+15

f(6) =

Find the value of k if the slope of the curve x3 + kx?y — 2y? = 0 at the point (-1,1)

is -3.
. sinx

Giveny = .

1+cosx
. .od d?y .
(i) Find 22 and =2 in terms of x.

dx dx?
.. 3 d? dy\?
(ii) Hence, show that =2 — y—y - (—y) =
dx3 dx? dx
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5x%+4x+4
(x2—-4)(x+2)

1. Express in the form of partial fractions.

SOLUTION

Sx*+4x+4 5x2+4x + 4
xX2—Hx+2) (x—2)(x+2)(x+2)

3 5x%2 4+ 4x + 4
- (x —2)(x + 2)2

_ A B c
_(x—2)+(x+2)+(x+2)2

A +2)2+Bx +2)(x —2) + C(x — 2)
B (x — 2)(x + 2)2

Sxf+4x+4  A(x+2)*+Bx+2)(x—2) + C(x —2)
(x=2)(x+2)2 (x —2)(x + 2)2

5x2+4x+4=A(x+2)*+B(x+2)(x—2)+C(x—2)
When x = 2:

5(2)2 +4(2) + 4 = A2 + 2)?

32 =164
A=2
Whenx = —2:

5(—=2)2+4(-2)+4=C[(-2) - 2]
16 = —4C
C=-4
Whenx = 0,A=2,C = —4:
5(0)2 +4(0) + 4 = 2[(0) + 2]> + B(0 + 2)(0 —2) + (—4)(0 — 2)

4=2(4)—4B+8
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4B =12

5x*+4x+4 2 3 4
D+ -2 xt2) G+2?
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2. Evaluate the following(if exist):
. X’+4x—12
a) lim=———
x-2 |x-2|
b) lim ¥
x-1 1-x
SOLUTION
(a)
X% +4x-12 . (x+6)(x—2)
lim =
x>2  |x—2| x-2 [x — 2|

((x=2), x=2
lx_zl_{—(x—Z), x < =2

((x +6)(x—2)

x+0G&-2) _ | x-2 = *=?
T x—2  |&x+6)(x-2
2| C+Oa-2
—(x—-2)
_{ X+ 6, x=2
T l-(x+6), x<-2
(x+6)(x—2) _
g T am (& +o)
=—(2+6)
=-8
(x+6)(x—2) _
N TR =
=(2+6)
=8
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, . (x+6)(x-2)
Since xlll%’l_ —_—

|x — 2|
 (x+6)(x—2) X%+ 4x—12 ]
# lim ———————— ,therefore lim —————— does not exits.
x-2%F [x — 2| x-2 |x — 2|
(b)
L 1-VE 1k
s e a? + b% = (a+ b)(a — b)

x->11—x x%llz_(\/;)z

4 R
(L) (V)

1
= lim —
=1 (1 + V)

1
C(1+V1)

1
2
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3. Find the derivative of the following functions:

a) f(x) =cotvax? +1

b) f(x) =e?**In(3x + 4)

SOLUTION

(a)
F(x) = coty/4x?2 + 1
F(x) = cot(4x? + 1)z

1d 1
f'®) = —cosec? (4x2 + 1)z a(llxz +1)2
171 _1d
= —cosec? (4x? + 1)2 (—) (4x2+1)2—(4x%+1)
2 dx
1/1 _1
= —cosec? (4x? + 1)2 (E) (4x% + 1)72(8x)

1 _1 1
=— (E) (8x)(4x? + 1) 2 cosec? (4x% + 1)2

4x 1
= —(—)1 cosec? (4x% +1)2

(4x2 +1)2

_ 4xcosec?\/(4x? + 1)
J@x?+1)
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(b)

f(x) = e**In(3x + 4)

u=e?* v =In(3x + 4)
r_ in r__1 i
u' = e — (2x) V= (Bx+4)
_.Zer — 3
3x+4

F10 = (2% ( ) + [In(3x + 4)](2¢?%)

3x+4

SeZX

= 2e2*] 4
3x+4+ e“*In(3x + 4)

3
= e 21n(3 4]
e 3x+4+ n(3x + 4)
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4, Given cosec?x — cotx = 3, show that cot?x — cotx — 2 = 0. Hence, solve the equation

cosec?x —cotx =3for0 < x <.

SOLUTION
cosec?x — cotx = 3
(1 + cot?x) — cotx = 3
cot’x —cotx+1=3

cot’?’x —cotx+1—-3=0

cot’?x —cotx—2=0

cosec?x — cotx = 3, 0<x<m
cot?x —cotx —2=0

Letu = cotx

u?l—u—-2=0

u-2)u+1)=0

u=2 u=-1
cotx =2 or cotx =—1
1 1
=2 or =-1
tan x tanx
1
tanx=5 or tanx = —1
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1
Fortanx = >

0.464

0.464

x = 0.464
Fortanx = —1

T

n

_ n_37r
X=T 1= 2

o x=0.464,"
~x=0. "2

N
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5. A polynomial P(x) = 2x* + ax® + bx? — 17x + ¢ where a, b and c are constants, has

factors (x + 2) and (x — 1). When P(x) is divided by (x + 1), the remainder is 8. Find the

values of a, b and c. Hence, factorize P(x) completely and state its zeroes.

SOLUTION
P(=2)=0
P(1) =0
P(-1) =8
For P(-2) =0
P(x)=2x*+ax3+bx?>—-17x+c
P(=2)=2(-2)*+a(=2)3+b(-2)2=17(-2) + ¢
0=32—-8a+4b+34+c

8a—4b —c =66 e (2)

For P(1) = 0
P()=2D*+a(1)®+b(1)?2-171) +¢
0=2+4+a+b—-17+c

a+b+c=15 s (2)

ForP(-1) =8
P(=1) = 2(-1* + a(=1)? + b(=1)2 = 17(=1) + ¢

8=2—-—a+b+17+c
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a—b—c=11

(2) +(3)

2a = 26

a =13

Substitute (4) into (1)

8(13) —4b —c = 66

4b + ¢ = 38

Substitute (4) into (2)

13+ b+c=15

b+c=2

(5)-(6)

3b = 36

b =12

Substitute (7) into (6)

124+c=2

Kang Kooi Wei
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P(x) = 2x*+13x3 + 12x? — 17x — 10

P(=2) =0 2 (x + 2)isa factor of P(x) Factor Theorem

P(1)=0=>» (x—1)isa factor of P(x)

P(x) = (x+2)(x - 1DQX)

=(x%+x-2)Q(x)

2x*+11x+5
xz+xx—2>2x4+13x3+12x2—17x—10
2xt +2x° —4x?
11x° +16x* —17x-10
11x* +11x* —22x

5x2 +5x-10
5x2 +5x—10
0

P(x)=(x+2)(x—1)(2x*+11x +5)

=x+2)(x—1)2x+ 1)(x+5)

When P(x) =0

x+2)x—1D2x+1D(x+5)=0

=—2, :1’ =——=, = —§
X X X > X
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V2x2+3x

6. (a) Evaluate lim .
x——o0 5x+1
5—px , —2<x<-1
2
(b) Givenf(x)= X +pr+q ’ -1<x<2
x4 , x> 2
x—2
(i) Find the values of p and q if f(x) is continuous for all real values of x.

(ii) Sketch the graph of f(x) using the values p and q obtained in part (i).

SOLUTION
(a)
2x2  3x
V2x2+3x | N xz T2
im ————— = lim —/—————
x--0o S5x+1 X——00 5_X+l
x ' x
2+
= lim
T 4=
_—\/2+0
540
V2
-5
(b)
5—px , —2<x<-1
F) = x2+px+q , —-1<x<2
- x?—4
, x> 2
x—2

() f(x)is continuous at x = -1.

Jim fG) = lim f()
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. _ — . 2
xl_}r_ri_s px xEr_nﬁx +px+gq

S5—p(-D=(D*+p(-D+q
5+p=1-p+gq

2p—q = —4 e (1)

Jim 160 = Jim, £

lim x4 px +q = lim ©
b L =
(x +2)(x - 2)
224+ 2p+q= lim ———
MR S

44+2p+q= xllr;l)f(x+2)

4+2p+q=2+2

20+q =0 (2)

(2)-(1)

2qg = 4
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S5+x , —2<x<-1
x2—x+2 , -1<x<2
ro=4"2"" ’
x—2 ’ x
5+x , —2<x<-1 RS IS, 652
X2 —x 42 L 1<x<2 a >0 (open upwards)
“1x+2)(x-2) . Minimum point
T —2 x> 2
g b 1
*T 272
5+x , —2<x<-1
={x?-x+2 , -1<x<2
x+2 ) x> 2 Intercept
Whenx = 0, y = 2
(ii) Sketch the graph of f(x)

v
x

KangKooiWei  Pagel9
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L . . 1
7. A curve is given by the parametric equations x = t — wy=t+to

., dy d?y .
a) Find-~and——internsoft.
b) Obtain the coordinates of the stationary points of the curve and determine the nature

of the points.

SOLUTION
(a)
x=t—% y=t+-
x=t—t"1 y=t+t?
ax _ -2 dy . -2
dt—1+t dt—l t
dx 1 dy 1
w1tz x-17z
dx _ t?+1 dy _t2-1
dt ~ t2 dt ~ t2
dy dy dt
dx  dt dx
_t2—1 t2
T2 241
_t2—1
T2 41
dzy_d<dy) dt
dx?  dt\dx/ dx
d(dy)_d t2 -1
dt \dx) dt\t?2+1
u=t>-1 v=t*+1
u =2t vV =2t
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dt

d (dy) _vu' —w
dx v?

_ (t? +1)(2t) — (t? — 1)(2¢)

(t%2 + 1)

_ @t +2t) - (2t - 2t)
B (t2 +1)2

_2t3+2t—2t3+2t
B (t2 +1)2

4t
T (t2 +1)2

d’y d (dy) dt
dx?  dt\dx/ dx
4t t2

T @+ D21

4
T (2 +1)3

(b)

To obtain the coordinates of the stationary points,

ay _
Let dx—O

Kang Kooi Wei
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Whent =1
x=t—% y=t+-
le—% y:1+l
x=0 y=2
Whent = -1
x=t—% y=t+-
x=—1—_i1 y=—1+_i1
x=0 y=-2

The stationary points are (0,—2) and (0, 2)
Whent = 1, and at the point (0,2)

d’y  4at?
dx? (t2+1)3

4(1)3
(D2 +1)3

> 0 (Min)

Whent = —1,and at the point (0, —2)

d’y  4at?
dx? (t2+1)3

o 4A(-1)?
C((-D2+1)3

< 0 (Max)

~ (0,—2)is a maximum point, (0,2)is a minimum point
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2 —_ 2 2 = d—y = X
8. (a) If y* —2y/(1 +x2) 4+ x* = 0, show that - Jan
(b) Water is running at a steady rate of 36w cm3s~1 into a right inverted circular cone

with a semi-vertical angle of 45°.
(i) Find the rate of increasing in water depth when the water level is 3 cm.

(ii)  Find the time taken when the depth of the water is 18cm.

SOLUTION
(a) y2 =2yJ(1+x%)+x%2=0

1
y2—2y(1+x2)2+x2=0

2y [y (5) @+ Ee0 + @ 422 (22)| +2x =0

dy 2xy dy
—— 241 2—] 2x =
ydx [—1+x2+ +x dx+ x=0

dy 2xy
dx 1+ x2

d
2 T+x2 2 +2x=0
dx

dy 2xy
—— — 241+ x? — 2x
y dx  T+x2

2xy — 2xV1 + x?
V1 + x?

%(2y—2#1+x2) =

dy 2xy — 2xV1 + x?
dx  (2y —2V1+x2)V1+x2

dy 2x(y — V1 +x?)
dx  2(y —V1+x2)V1 + x2

X

V1 + x2

Kang Kooi Wei Page 24
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(b) % =36m cm3s~!

(i) Find %when h=3cm

v=—mnr?h

Sincer =h

1
= m . (367'[)

36
h?

Whenh =3 cm

dh 36
dt — 32

= 4cms™1!
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(ii)

Kang Kooi Wei

Find t when h = 18 cm.

1
v =§nh3

_1 183
= 37(18)

= 1944rn

dv_36
ac _o°"

19447
= 367

t = 54s
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3sin® — 4cosf = Rsin(6 — a).

(b) Hence, solve the equation 3sin@ — 4 cosf = 2 for 0° < 6 < 360°.

QS 015/2 Session
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(a) Determine the values of R and a, where R > 0 and 0° < a < 90° so that

(c) From the answer obtained in part (b), find the value of 6 for 0° < 6 < 360° so that

f(6) =

1
3sin6—4 cosO+15

SOLUTION

(a)

3sinf — 4cosf = Rsin(6 — a).

3sinf — 4 cosf = R(sinb cosa — cos O sina)

3sinf — 4 cos@ = Rsinf cos @ — Rcos O sin«a

sin@: Rcosa =3 ., (1)
cos6: Rsina =4 ., (2)
()% +(2)?

R?cos? a + R?sin? a = 32 + 42

R?(cos? a + sin? @) = 25

is minimum. Hence, find the minimum value of f.

R? =25

@)+

Rsina _ 3

-~ |

Rcosa

sina 3

-~ |

cosa

Kang Kooi Wei
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tana =

a = 53.1°

~ 3sinf — 4cos@ =5 sin(6 — 53.1°)

(b)
3sinf — 4cosf =2 0° <6 <360°
5sin(6 —53.1°) = 2
sin(6 — 53.1°) = g
sin(@ —53.1°) = 0.4
0° <6 <360°

0°—53.1°< 6 —53.1° < 360° — 53.1°

sin(6 — 53.1°) = 0.4

23.6° 23.6°

0 —53.1° = 23.6°,180° — 23.6°
0 —53.1° = 23.6°,156.4°
0 = 23.6° + 53.1°,156.4° + 53.1°

0 =76.7°,209.5°
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©

fo) = 3sinf@ — 4 cosO + 15

f(6) =

5sin(6 — 53.1°) + 15
Since =1 < sin(f —53.1°) <1
For £(8) minimum
sin(6@ —53.1°) =1
6 —53.1°=90°
0 = 143.1°
Therfore, the minimum value of f(0)

1

fO) =5 maasr—5319 1 15

1
~ 55in(90°) + 15

B 1
"~ 5(1)+15
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10. (a) Find the value of k if the slope of the curve x3 + kx?y — 2y? = 0 at the point (-1,1)
is -3.
. __ sinx
(b) Giveny = Troosr
. ., dy d?y .
(i) Flndaandﬁm terms of x.
. d3y dzy dy 2 _
(i) Hence, show thatE Vo2 (E) =0
SOLUTION
(a)
x3+kx?y—2y2=0
dy dy
3x? [k 2= 42k ]—4 —=0
x° + |kx Ix + 2kxy ydx
dy dy
3x% + kx?—=+ 2kxy —4y—=0
x“ + kx dx + 2kxy ydx
dy dy
kx?— —4y— = —2kxy — 3x?
x dx ydx el X
d
% [kx? — 4y] = —2kxy — 3x?
dy —2kxy—3x?
dx kx? — 4y
At the point (-1,1) =» x=-1,y =1 Z—i’ = -3

dy —2kxy — 3x?
dx  kx2—4y

_ —2k(-1)(1) - 3(-1)?
T k(=12 -4(1)

Kang Kooi Wei
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—3(k—4) =2k -3

—3k+12=2k -3

12 +3 =2k + 3k

5k =15

sinx

i =
() 14+cosx
u = sinx v=1+4cosx

u' = cosx v = —sinx

dy (14 cosx)(cosx) — (sinx)(—sinx)
dx (1 + cosx)?

cos x + cos? x + sin? x
(1 + cosx)?

_ cosx +1
" (14 cosx)?

_ 1
" 14cosx

=(1+cosx)™?!

Zy d
— =1+ 2 (1+
T2 (1 + cosx) dx( cos x)

= —(1+ cosx)~%(—sinx)
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sinx
" (1 + cosx)?

.. d3y d?y dy\ 2 .
(ii) show thatE i (E) =0

d’y  sinx
dx?2 (1 + cosx)?

u = sinx v = (1 + cos x)?

u' = cosx v’=2(1+cosx)%(1+cosx)
= 2(1 + cosx)(—sinx)
= —2sinx (1 + cosx)

d®y (1 + cosx)?(cosx) — [~2sinx (1 + cosx)](sinx)
dx3 [(1 + cosx)?]?

_ (1 +cosx)?*(cosx) + 2sin® x (1 + cos x)
- (1 + cosx)*

_ (1 +cosx) [cosx (1 + cosx) + 2 sin? x]
- (1 + cosx)*

_ cosx + cos®x + 2sin®x
B (1+ cosx)3

d3y  d?y (dy)2
dx

dx® Y dx?
_ (cosx + cos®x + 2sin®x ( sinx ) ( 1 )2
- (1 4+ cosx)3 y (1 + cosx)? 1+ cosx
_cosx + cos?x + 2sin’ x y sinx 1
B (1 + cosx)3 (1+cosx)?2 (14 cosx)?
) sinx .

cos x + cos? x + 2sin? x (m) sinXx 1
B (1 + cosx)3 (1 + cosx)? (1 + cosx)?

cos x + cos? x + 2sin? x sin? x 1+ cosx

(1 + cosx)3 " (I+cosx)®  (1+cosx)?
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_ cosx + cos?x + 2sin® x — sin® x — (1 + cos x)
- (1 + cosx)3

cosx + cos?x + 2sin® x —sin®x — 1 — cos x
(1 + cosx)3

3 cos?x +sin?x —1
(1 + cosx)3

_ 1-1
" (14 cosx)3
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