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1. Find the equation of a circle that is passing through points (1, 2), (-1, 2) and (0, -1). Hence, 

determine its center. 

 

2. Show that ∫ 𝑥 ln 𝑥 𝑑𝑥 =  
1

4
(1 + 𝑒𝑥)

𝑒

1
. 

 

3. Find y in terms of x given that 𝑥
𝑑𝑦

𝑑𝑥
= (1 − 2𝑥2)y where 𝑥 > 0 and y = 1 when x = 1. 

 

4. Find the general solution of the differential equation 
𝑑𝑦

𝑑𝑥
+ ycot 𝑥 = 2 sin 𝑥. 

 

5. Express 
1−4𝑥

3+𝑥−2𝑥2 in partial fractions and hence, find the exact value of ∫
1−4𝑥

3+𝑥−2𝑥2 𝑑𝑥
1

0
. 

 

6. (a) Given 𝑓1(𝑥) = 2x and 𝑓2(𝑥) = − ln 𝑥. 

i. Without using curve sketching, show that 𝑦 = 𝑓1(𝑥) and 𝑦 = 𝑓2(𝑥) intersect on 

the interval of [0.1, 1]. 

ii. Use Newton-Raphson’s method to estimate the intersection point of 𝑦 = 𝑓1(𝑥) 

and 𝑦 = 𝑓2(𝑥), with the initial value 𝑥1 = 1. Iterate until |𝑓(𝑥𝑛)| < 0.005. Give 

your answer correct to three decimal places. 

b) By using the tropezoidal rule, find the approximate valur for ∫ 𝑥√𝑥 + 1
1

0
dx when n = 4, 

correct to four decimal places. 

 

7. (a) If 𝒑 = 3𝒊 − 𝒋 + 2𝒌 and 𝒒 = 2𝒊 + 2𝒋 − 𝒌, show that 

|𝒑 x 𝒒|2 = |𝒑|2|𝒒|2 − (𝒑. 𝒒)2 

(b) Given a triangle ABC with 𝐴𝐵⃗⃗⃗⃗  ⃗ = 2𝐚 and 𝐴𝐶⃗⃗⃗⃗  ⃗ = 3𝐛. Use the result in part (a), show that the 

area of the triangle is 3√|𝒂|2|𝒃|2 − (𝒂. 𝒃)2. Hence, deduce the area of the triangle if 𝒂 =

𝒑 and 𝒃 = 𝒒 
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8. Given a line 𝑙: 𝑥 = 2 − 𝑡,  𝑦 = −3 + 4𝑡, 𝑧 = −5 − 3𝑡,  and two planes 𝜋1: 2x − y + 7z = 53 

and 𝜋2: 3x + y + z = 1. Find 

a) The point of intersection between the line 𝑙 and the plane 𝜋1. 

b) The acute angle between the line 𝑙 and the plane  𝜋1. 

c) The acute angle between planes  𝜋1 and  𝜋2. 

 

9. (a) Find the equation in standard form of an ellipse which passes through the point (-1, 6) 

and having foci at (-5, 2) and (3, 2). 

(b)  From the result obtained in part (a), sketch the graph of the ellipse. 

 

10. (a) Sketch and shade the region R bounded by the curve 𝑦 = √𝑥, line 𝑦 = 2 − 𝑥 and y – 

axis. Hence, find the area of the region R. 

(b) If 𝑅1 is a region bounded by the curve 𝑦 = √𝑥, line 𝑦 = 2 − 𝑥 and 𝑥-axis, deduce the 

ratio of 𝑅: 𝑅1. 

(c) Find the volume of the solid generated when the region R is rotated through 3600 

about the 𝑥-axis. 

 

 

 

 

END OF QUESTION PAPER 
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1. Find the equation of a circle that is passing through points (1, 2), (-1, 2) and (0, -1). Hence, 

determine its center. 

SOLUTION 

General Equation of circle: 

𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 

At (1, 2) 

12 + 22 + 2𝑔(1) + 2𝑓(2) + 𝑐 = 0 

2𝑔 + 4𝑓 + 𝑐 = −5 …………………………………… (1) 

At (-1, 2) 

(−1)2 + 22 + 2𝑔(−1) + 2𝑓(2) + 𝑐 = 0 

−2𝑔 + 4𝑓 + 𝑐 = −5 …………………………………… (2) 

At (0, -1) 

02 + (−1)2 + 2𝑔(0) + 2𝑓(−1) + 𝑐 = 0 

0𝑔 − 2𝑓 + 𝑐 = −1 …………………………………… (3) 

(1) + (2) 

8𝑓 + 2𝑐 = −10  …………………………………… (4) 

(3) x 2 

−4𝑓 + 2𝑐 = −2 …………………………………… (5) 

(4) – (5) 

12𝑓 = −8 

𝑓 =
−8

12
 

𝑓 = −
2

3
  …………………………………… (6) 
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(6) into (5) 

−4(−
2

3
) + 2𝑐 = −2 

8

3
+ 2𝑐 = −2 

2𝑐 = −2 −
8

3
 

2𝑐 = −
14

3
 

𝑐 = −
7

3
   …………………………………… (7) 

 

Substitute (6) & (7) into (2) 

−2𝑔 + 4(−
2

3
) −

7

3
= −5 

−2𝑔 −
8

3
−

7

3
= −5 

−2𝑔 −
15

3
= −5 

−2𝑔 = −5 +
15

3
 

−2𝑔 = 0 

𝑔 = 0 

General Equation of circle: 

𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 

𝑥2 + 𝑦2 + 2(0)𝑥 + 2 (−
2

3
) 𝑦 −

7

3
= 0 

𝑥2 + 𝑦2 −
4

3
𝑦 −

7

3
= 0 
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Center of circle,  

𝐶 = (−𝑔,−𝑓) 

= (−0,− (−
2

3
)) 

= (0,
2

3
) 
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2. Show that ∫ 𝑥 ln 𝑥 𝑑𝑥 =  
1

4
(1 + 𝑒𝑥)

𝑒

1
. 

SOLUTION 

∫𝑥 ln 𝑥 𝑑𝑥 =  

𝑢 = ln 𝑥 

𝑑𝑢

𝑑𝑥
=

1

𝑥
 

𝑑𝑢 =
1

𝑥
𝑑𝑥 

𝑑𝑣 = 𝑥 𝑑𝑥 

∫𝑑𝑣 = ∫𝑥 𝑑𝑥 

𝑣 =
𝑥2

2
 

∫𝑢 𝑑𝑣 = 𝑢𝑣 − ∫𝑣 𝑑𝑢 

∫𝑥 ln 𝑥 𝑑𝑥 =  (ln 𝑥) (
𝑥2

2
) − ∫(

𝑥2

2
) (

1

𝑥
𝑑𝑥)  

= 
𝑥2

2
ln 𝑥 −

1

2
∫𝑥  𝑑𝑥 

= 
𝑥2

2
ln 𝑥 −

𝑥2

4
 

∫ 𝑥 ln 𝑥 𝑑𝑥 =   [
𝑥2

2
ln 𝑥 −

𝑥2

4
]
1

𝑒𝑒

1

 

=  [
𝑒2

2
(ln 𝑒) −

𝑒2

4
] − [

12

2
(ln 1) −

12

4
] 

=  [
𝑒2

2
−

𝑒2

4
] − [0 −

1

4
] 

=  [
2𝑒2

4
−

𝑒2

4
] +

1

4
 

=  
𝑒2 + 1

4
 

=  
1

4
(1 + 𝑒2) 
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3. Find y in terms of x given that 𝑥
𝑑𝑦

𝑑𝑥
= (1 − 2𝑥2)y where 𝑥 > 0 and y = 1 when x = 1. 

SOLUTION 

𝑥
𝑑𝑦

𝑑𝑥
= (1 − 2𝑥2)y 

𝑑𝑦

𝑦
=

(1 − 2𝑥2)

𝑥
dx 

𝑑𝑦

𝑦
= (

1

𝑥
−

2𝑥2

𝑥
)dx 

1

𝑦
dy = (

1

𝑥
− 2𝑥)dx 

∫
1

𝑦
dy = ∫(

1

𝑥
− 2𝑥)dx 

ln 𝑦 = ln 𝑥 − 𝑥2 + 𝐶 

𝑊ℎ𝑒𝑛 𝑥 = 1, 𝑦 = 1 

ln 1 = ln 1 − 12 + 𝐶 

0 = 0 − 1 + 𝐶 

𝐶 = 1 

Particular Solution 

ln 𝑦 = ln 𝑥 − 𝑥2 + 1 

ln 𝑦 − ln 𝑥 = 1 − 𝑥2 

ln (
𝑦

𝑥
) = 1 − 𝑥2 

𝑦

𝑥
= 𝑒1−𝑥2

 

𝑦 = 𝑥𝑒1−𝑥2
 

 

𝑙𝑜𝑔𝑎𝑏 = 𝑐 ↔ 𝑏 = 𝑎𝑐 
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4. Find the general solution of the differential equation 
𝑑𝑦

𝑑𝑥
+ ycot 𝑥 = 2 sin 𝑥. 

SOLUTION 

𝑑𝑦

𝑑𝑥
+ y cot 𝑥 = 2 sin𝑥 

𝑃(𝑥) = 𝑐𝑜𝑡 𝑥 =  
cos 𝑥

sin 𝑥
 

𝑄(𝑥) = 2 sin 𝑥 

𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑜𝑟,  

𝑉(𝑥) = 𝑒∫𝑃(𝑥)𝑑𝑥 

= 𝑒∫(
cos𝑥
sin𝑥

)𝑑𝑥
 

= 𝑒ln(sin𝑥) 

= sin 𝑥 

𝑉(𝑥)𝑦 =  ∫𝑉(𝑥)𝑄(𝑥)𝑑𝑥 

(sin 𝑥)𝑦 =  ∫(sin𝑥)(2 sin𝑥)𝑑𝑥 

𝑦 sin 𝑥 =  2∫sin2 𝑥 𝑑𝑥 

y sin 𝑥 =  2∫
1 − cos2𝑥

2
𝑑𝑥 

y sin 𝑥 =  ∫1 − cos2𝑥 𝑑𝑥 

y sin 𝑥 =  𝑥 − 
sin 2𝑥

2
+ 𝐶 

 

 

 

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑡𝑜 

𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥)𝑦 = 𝑄(𝑥) 

∫
𝑓′(𝑥)

𝑓(𝑥)
 𝑑𝑥 = ln|𝑓(𝑥)| 

sin2 𝑥 =
1 − cos 2𝑥

2
 

cos2 𝑥 =
1 + cos 2𝑥

2
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5. Express 
1−4𝑥

3+𝑥−2𝑥2 in partial fractions and hence, find the exact value of ∫
1−4𝑥

3+𝑥−2𝑥2 𝑑𝑥
1

0
. 

 

SOLUTION 

1 − 4𝑥

3 + 𝑥 − 2𝑥2
=

1 − 4𝑥

(3 − 2𝑥)(1 + 𝑥)
 

1 − 4𝑥

3 + 𝑥 − 2𝑥2
=

𝐴

(3 − 2𝑥)
+

𝐵

(1 + 𝑥)
 

1 − 4𝑥

3 + 𝑥 − 2𝑥2
=

𝐴(1 + 𝑥) + 𝐵(3 − 2𝑥)

(3 − 2𝑥)(1 + 𝑥)
 

1 − 4𝑥 = 𝐴(1 + 𝑥) + 𝐵(3 − 2𝑥) 

𝑊ℎ𝑒𝑛 𝑥 =  −1 

1 − 4(−1) = 𝐴(1 − 1) + 𝐵[3 − 2(−1)] 

5 = 5𝐵 

𝐵 = 1 

𝑊ℎ𝑒𝑛 𝑥 =  
3

2
 

1 − 4 (
3

2
) = 𝐴 (1 +

3

2
) + 𝐵 [3 − 2(

3

2
)] 

−5 =
5

2
𝐴 

𝐴 = −2 

∴  
1 − 4𝑥

3 + 𝑥 − 2𝑥2
=

−2

(3 − 2𝑥)
+

1

(1 + 𝑥)
 

 

∫
1 − 4𝑥

3 + 𝑥 − 2𝑥2
 𝑑𝑥 = ∫

−2

(3 − 2𝑥)
+

1

(1 + 𝑥)
 𝑑𝑥 

∫
𝑓′(𝑥)

𝑓(𝑥)
 𝑑𝑥 = ln|𝑓(𝑥)| 
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∫
1 − 4𝑥

3 + 𝑥 − 2𝑥2
 𝑑𝑥 = ln(3 − 2𝑥) + ln(1 + 𝑥) 

= ln(3 − 2𝑥) (1 + 𝑥) 

 

∫
1 − 4𝑥

3 + 𝑥 − 2𝑥2
𝑑𝑥

1

0

= [ln(3 − 2𝑥) (1 + 𝑥)]0
1 

= [ln(3 − 2(1)) (1 + 1)] − [ln(3 − 2(0)) (1 + 0)] 

= [ln 2] − [ln 3] 

= ln (
2

3
) 

 

 

 

 

 

 

 

 

 

ln 𝑎 + ln 𝑏 = ln(𝑎𝑏) 

ln 𝑎 − ln 𝑏 = ln (
𝑎

𝑏
) 
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6. (a) Given 𝑓1(𝑥) = 2x and 𝑓2(𝑥) = − ln 𝑥. 

i. Without using curve sketching, show that 𝑦 = 𝑓1(𝑥) and 𝑦 = 𝑓2(𝑥) intersect on 

the interval of [0.1, 1]. 

ii. Use Newton-Raphson’s method to estimate the intersection point of 𝑦 = 𝑓1(𝑥) 

and 𝑦 = 𝑓2(𝑥), with the initial value 𝑥1 = 1. Iterate until |𝑓(𝑥𝑛)| < 0.005. Give 

your answer correct to three decimal places. 

b) By using the tropezoidal rule, find the approximate valur for ∫ 𝑥√𝑥 + 1
1

0
dx when n = 4, 

correct to four decimal places. 

 

SOLUTION 

(ai) 

𝑓1(𝑥) = 2x ,  𝑓2(𝑥) = − ln 𝑥 

𝐿𝑒𝑡 𝑓(𝑥) =  𝑓1(𝑥) − 𝑓2(𝑥) 

𝑓(𝑥) =  2x − (− ln 𝑥) 

𝑓(𝑥) =  2x + ln 𝑥 

𝑓(0.1) =  2(0.1) + ln(0.1) =  −2.013 <  0 

𝑓(1) =  2(1) + ln 1 = 2 > 0 

Since f(0.1)<0 and f(1)>0, by using intermediate value theorem,  there are at least one root 

in the interval [0.1, 1]. 

(aii) Newton-Raphson’s method 

𝑓(𝑥) =  2x + ln 𝑥 

𝑓′(𝑥) =  2 +
1

𝑥
 

𝑥𝑛+1 = 𝑥𝑛 −
𝑓(𝑥𝑛)

𝑓′(𝑥𝑛)
 

Intermediate Value Theorem 

http://mathinsight.org/intermediate_value_theorem_location_roots_refresher 

 

http://mathinsight.org/intermediate_value_theorem_location_roots_refresher
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𝑥𝑛+1 = 𝑥𝑛 −
2𝑥𝑛 + ln𝑥𝑛

2 +
1
𝑥𝑛

 

𝑥1 = 1 

𝑥2 = 1 −
2(1) + ln(1)

2 +
1

(1)

= 0.3333 

𝑥3 = 0.3333 −
2(0.3333) + ln(0.3333)

2 +
1

(0.3333)

= 0.4197 

𝑥4 = 0.4197 −
2(0.4197) + ln(0.4197)

2 +
1

(0.4197)

= 0.4263 

𝑥5 = 0.4263 −
2(0.4263) + ln(0.4263)

2 +
1

(0.4263)

= 0.4263 

∴ 𝑥 = 0.426 

𝑊ℎ𝑒𝑛 𝑥 = 0.426 

𝑓1(𝑥) = 2x  

𝑓1(0.426) = 2(0.426) = 0.852 

∴  (0.426, 0.852) 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑓1(𝑥) 𝑎𝑛𝑑 𝑓2(𝑥)  
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(b) Trapezoidal Rule 

∫ 𝑥√𝑥 + 1
1

0
dx when n = 4 

ℎ =
1 − 0

4
= 0.25 

 

𝒚𝒏 𝒙𝒏 𝒇(𝒙) = 𝒙√𝒙 + 𝟏 

𝒚𝟎 0.00 0.00000  

𝒚𝟏 0.25  0.27951 

𝒚𝟐 0.50  0.61237 

𝒚𝟑 0.75  0.99216 

𝒚𝟒 1.00 1.41421  

Total (𝒚𝟎 + 𝒚𝒏) = 𝟏. 𝟒𝟏𝟒𝟐𝟏 (𝒚𝟏 + 𝒚𝟐 + ⋯+ 𝒚𝒏−𝟏) = 𝟏. 𝟖𝟖𝟒𝟎𝟒 

 

By trapezoidal rule: 

∫ 𝑥√𝑥 + 1
1

0

dx =
ℎ

2
[(𝑦0 + 𝑦𝑛) + 2(𝑦1 + 𝑦2 + ⋯+ 𝑦𝑛−1)] 

=
𝟎. 𝟐𝟓

2
[(𝟏. 𝟒𝟏𝟒𝟐𝟏) + 2(𝟏. 𝟖𝟖𝟒𝟎𝟒)] 

= 0.64779 

= 0.6478 

 

 

Trapezoidal Rule 

∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 ≈
ℎ

2
[𝑦0 + 𝑦𝑛 + 2(𝑦1 + 𝑦2 + ⋯+ 𝑦𝑛−1)] 

ℎ =  
𝑏 − 𝑎

𝑛
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7. (a) If 𝒑 = 3𝒊 − 𝒋 + 2𝒌 and 𝒒 = 2𝒊 + 2𝒋 − 𝒌, show that 

|𝒑 x 𝒒|2 = |𝒑|2|𝒒|2 − (𝒑. 𝒒)2 

(b) Given a triangle ABC with 𝐴𝐵⃗⃗⃗⃗  ⃗ = 2𝐚 and 𝐴𝐶⃗⃗⃗⃗  ⃗ = 3𝐛. Use the result in part (a), show that the 

area of the triangle is 3√|𝒂|2|𝒃|2 − (𝒂. 𝒃)2. Hence, deduce the area of the triangle if 𝒂 =

𝒑 and 𝒃 = 𝒒 

 

SOLUTION 

(a) 𝒑 = 3𝒊 − 𝒋 + 2𝒌 𝒒 = 2𝒊 + 2𝒋 − 𝒌 

𝒑 x 𝒒 = |
𝒊 𝒋 𝒌
3 −1 2
2 2 −1

| 

= [(1) − (4)]𝒊 − [(−3) − (4)]𝒋 + [(6) − (−2)]𝒌 

= −3𝒊 − (−7)𝒋 + (8)𝒌 

= −3𝒊 + 7𝒋 + 8𝒌 

|𝒑 x 𝒒| = √(−3)2 + (7)2 + (8)2 

= √122 

|𝒑 x 𝒒|𝟐 = 122 

|𝒑| = √(3)2 + (−1)2 + (2)2 

= √14 

|𝒑|𝟐 = 14 

|𝒒| = √(2)2 + (2)2 + (−1)2 

= √9 

|𝒒|𝟐 = 9 
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𝒑 . 𝒒 = (3𝒊 − 𝒋 + 2𝒌). (2𝒊 + 2𝒋 − 𝒌) 

= (3)(2) + (−1)(2) + (2)(−1) 

𝒑 . 𝒒 = 2 

 

|𝒑|2|𝒒|2 − (𝒑. 𝒒)2 = (14)(9) − (2)2 

= 122 

 

∴ |𝒑 x 𝒒|2 = |𝒑|2|𝒒|2 − (𝒑. 𝒒)2 

 

(b)   

 

 

 

 

 

𝑨𝒓𝒆𝒂,𝑨 =  
𝟏

𝟐
|𝑨𝑩⃗⃗⃗⃗⃗⃗  𝒙 𝑨𝑪⃗⃗⃗⃗  ⃗| 

𝐴 = 
1

2
|2𝒂 𝑥 3𝒃| 

=  3|𝒂 𝑥 𝒃| 

=  3|𝒂 𝑥 𝒃| 

= 3√|𝒂|2|𝒃|2 − (𝒂. 𝒃)2 

 

A B 

C 

3b 

2a 

(𝑚𝒂 𝑥 𝒃) = 𝑚(𝒂 𝑥 𝒃) 

2𝒂 𝑥 3𝒃 = (2)(𝒂 𝑥 𝟑 𝒃) 

= (2𝑥3)(𝒂 𝑥  𝒃) 

= (6)(𝒂 𝑥  𝒃) 
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𝑊ℎ𝑒𝑛 𝒂 = 𝒑  𝑎𝑛𝑑  𝒃 = 𝒒 

Area = 3√|𝒂|2|𝒃|2 − (𝒂. 𝒃)2 

= 3√|𝒑|2|𝒒|2 − (𝒑. 𝒒)2 

= 3√122 
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8. Given a line 𝑙: 𝑥 = 2 − 𝑡,  𝑦 = −3 + 4𝑡, 𝑧 = −5 − 3𝑡,  and two planes 𝜋1: 2x − y + 7z = 53 

and 𝜋2: 3x + y + z = 1. Find 

a) The point of intersection between the line 𝑙 and the plane 𝜋1. 

b) The acute angle between the line 𝑙 and the plane  𝜋1. 

c) The acute angle between planes  𝜋1 and  𝜋2. 

 

SOLUTION 

𝑙: 𝑥 = 2 − 𝑡,  𝑦 = −3 + 4𝑡, 𝑧 = −5 − 3𝑡,   

𝜋1: 2x − y + 7z = 53  

𝜋2: 3x + y + z = 1 

(a) 

𝑥 = 2 − 𝑡,  𝑦 = −3 + 4𝑡, 𝑧 = −5 − 3𝑡  …………………. (1) 

2x − y + 7z = 53     …………………. (2) 

Substitute (1) into (2) 

2(2 − 𝑡) − (−3 + 4𝑡) + 7(−5 − 3𝑡) = 53 

4 − 2t + 3 − 4t − 35 − 21t = 53 

−28 − 27t = 53 

27t = −81 

t = −3 

𝑊ℎ𝑒𝑛 𝑡 =  −3 

𝑥 = 2 − 𝑡 = 2 + 3 = 5 

𝑦 = −3 + 4𝑡 = −3 − 12 = −15 

𝑧 = −5 − 3𝑡 = −5 + 9 = 4 

∴ 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡 𝑖𝑠 (5,−15, 4) 
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(𝒃) 

𝑥 = 2 − 𝑡,  𝑦 = −3 + 4𝑡, 𝑧 = −5 − 3𝑡  …………………. (1) 

2x − y + 7z = 53     …………………. (2) 

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒: 

𝒗 = −𝒊 + 4𝒋 − 3𝒌 

𝑁𝑜𝑟𝑚𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒: 

𝒏 = 2𝒊 − 𝒋 + 7𝒌 

𝐴𝑛𝑔𝑙𝑒 𝐵𝑒𝑡𝑤𝑒𝑒𝑛 𝑇ℎ𝑒 𝐿𝑖𝑛𝑒 𝑙 𝐴𝑛𝑑 𝑇ℎ𝑒 𝑃𝑙𝑎𝑛𝑒  𝜋1 

cos𝜃 =
𝒗. 𝒏

|𝒗|. |𝒏|
 

 

𝒗. 𝒏 = (−𝒊 + 4𝒋 − 3𝒌). (2𝒊 − 𝒋 + 7𝒌) 

= (−1)(2) + (4)(−1) + (−3)(7) 

= −27 

|𝒗| = √(−1)2 + (4)2 + (−3)2 

= √26 

|𝒏| = √(2)2 + (−1)2 + (7)2 

= √54 

cos𝜃 =
𝒗. 𝒏

|𝒗|. |𝒏|
 

=
−27

√26. √54
 

= −0.7206 
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𝜃 = 𝑐𝑜𝑠−1
𝒗. 𝒏

|𝒗|. |𝒏|
 

= 𝑐𝑜𝑠−1(−0.7206) 

= 136.10° 

 

𝐴𝑐𝑢𝑡𝑒 𝐴𝑛𝑔𝑙𝑒 𝐵𝑒𝑡𝑤𝑒𝑒𝑛 𝑇ℎ𝑒 𝐿𝑖𝑛𝑒 𝑙 𝐴𝑛𝑑 𝑇ℎ𝑒 𝑃𝑙𝑎𝑛𝑒  𝜋1 

𝛼 = 136.10° − 90° 

= 46.10° 

(𝒄) 

𝜋1: 2x − y + 7z = 53    𝜋2: 3x + y + z = 1 

𝐴𝑛𝑔𝑙𝑒 𝐵𝑒𝑡𝑤𝑒𝑒𝑛 𝑇ℎ𝑒 𝑃𝑙𝑎𝑛𝑒  𝜋1 𝐴𝑛𝑑 𝑇ℎ𝑒 𝑃𝑙𝑎𝑛𝑒  𝜋2 

𝜃 = 𝑐𝑜𝑠−1
𝒏𝟏. 𝒏𝟐

|𝒏𝟏|. |𝒏𝟐|
 

𝒏𝟏 = 2𝒊 − 𝒋 + 7𝒌 

𝒏𝟐 = 3𝒊 + 𝒋 + 𝒌 

𝒏𝟏. 𝒏𝟐 = (2𝒊 − 𝒋 + 7𝒌)(3𝒊 + 𝒋 + 𝒌) 

= (2)(3) + (−1)(1) + (7)(1) 

= 12 

|𝒏𝟏| = √(2)2 + (−1)2 + (7)2 

= √54 

|𝒏𝟐| = √(3)2 + (1)2 + (1)2 

= √11 
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𝐴𝑛𝑔𝑙𝑒 𝐵𝑒𝑡𝑤𝑒𝑒𝑛 𝑇ℎ𝑒 𝑃𝑙𝑎𝑛𝑒  𝜋1 𝐴𝑛𝑑 𝑇ℎ𝑒 𝑃𝑙𝑎𝑛𝑒  𝜋2 

𝜃 = 𝑐𝑜𝑠−1
𝒏𝟏. 𝒏𝟐

|𝒏𝟏|. |𝒏𝟐|
 

= 𝑐𝑜𝑠−1
𝟏𝟐

√54. √11
 

= 𝑐𝑜𝑠−1(0.4924) 

= 60.50° 
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9. (a) Find the equation in standard form of an ellipse which passes through the point (-1, 6) 

and having foci at (-5, 2) and (3, 2). 

(b)  From the result obtained in part (a), sketch the graph of the ellipse. 

 

SOLUTION 

(a) 

 

 

 

 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒: 

(𝑥 − ℎ)2

𝑎2
+

(𝑦 − 𝑘)2

𝑏2
= 1 

𝑤ℎ𝑒𝑟𝑒 𝑎2 − 𝑏2 = 𝑐2 

  

𝐶𝑒𝑛𝑡𝑟𝑒, 𝐶(ℎ, 𝑘) = (
−5 + 3

2
,
2 + 2

2
 ) 

= (
−2

2
,
4

2
 ) 

= (−1,2 ) 

𝑫𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒘𝒐 𝒇𝒐𝒄𝒊: 

2𝑐 = 3 − (−5) 

= 8 

𝑐 = 4 

x  𝐹1(−5, 2) 

(-1, 6) 

x  𝐹2(3, 2) 
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 𝑎2 − 𝑏2 = 𝑐2 

 𝑎2 − 𝑏2 = 42 

 𝑎2 − 𝑏2 = 16   …………………… (1) 

 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒: 

(𝑥 + 1)2

𝑎2
+

(𝑦 − 2)2

𝑏2
= 1 

𝐴𝑡 (−1, 6) 

(−1 + 1)2

𝑎2
+

(6 − 2)2

𝑏2
= 1 

0 +
16

𝑏2
= 1 

𝑏2 = 16  …………………… (2) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 (2)𝑖𝑛𝑡𝑜 (1) 

 𝑎2 − 16 = 16 

 𝑎2 = 32 

∴
(𝑥 + 1)2

32
+

(𝑦 − 2)2

16
= 1 

 

(b) 

 

 

 

 

 𝐹1(−5, 2)  x 

(-1, 6) 

x 

x  𝐹2(3, 2) 

(-1, 2) 

x 

x 

y 



PSPM I QS 025/1 Session 2015/2016 

 

Kang Kooi Wei  Page 24 
 

10. (a) Sketch and shade the region R bounded by the curve 𝑦 = √𝑥, line 𝑦 = 2 − 𝑥 and y – 

axis. Hence, find the area of the region R. 

(b) If 𝑅1 is a region bounded by the curve 𝑦 = √𝑥, line 𝑦 = 2 − 𝑥 and 𝑥-axis, deduce the 

ratio of 𝑅: 𝑅1. 

(c) Find the volume of the solid generated when the region R is rotated through 3600 

about the 𝑥-axis. 

 

SOLUTION 

(a) 

𝑦 = √𝑥,   𝑦 = 2 − 𝑥 

 

 

 

 

 

 

 

 

𝑦 = √𝑥    …………………………… (1)  

𝑦 = 2 − 𝑥  …………………………… (2) 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 (1)𝑖𝑛𝑡𝑜 (2) 

√𝑥 = 2 − 𝑥 

𝑥 = (2 − 𝑥)2 

𝑥 = 4 + 𝑥2 − 4𝑥 

2 

2 x 

y 

R 

𝑅1 
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𝑥2 − 5𝑥 + 4 = 0 

(𝑥 − 1)(𝑥 − 4) = 0 

𝑥 = 1 𝑜𝑟 𝑥 = 4 

∴ 𝑥 = 1 

 

𝐴𝑟𝑒𝑎, 𝑅 = ∫ (2 − 𝑥) − √𝑥
1

0

𝑑𝑥 

= ∫ 2 − 𝑥 − 𝑥
1
2

1

0

𝑑𝑥 

= [2𝑥 −
𝑥2

2
−

2𝑥
3
2

3
]

0

1

 

= [2(1) −
12

2
−

2(1)
3
2

3
] − [2(0) −

02

2
−

2(0)
3
2

3
] 

= [2 −
1

2
−

2

3
] − 0 

=
5

6
 

 

(b) 

𝐴𝑟𝑒𝑎 𝑅1 =
1

2
(2)(2) −

5

6
 

=
7

6
 

 

𝑹𝒂𝒕𝒊𝒐 𝒐𝒇 𝑹:𝑹𝟏 

 

𝑹

𝑹𝟏
=

5
6
7
6

 

=
5

6
 𝑥 

6

7
 

=
5

7
  

 

∴ 𝑹:𝑹𝟏 = 𝟓:𝟕 
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(c) 

Volume of the solid generated when the region R is rotated through 3600 about the 𝑥-axis. 

𝑉𝑜𝑙𝑢𝑚𝑒, 𝑉 = 𝜋 ∫ (2 − 𝑥)2 − (√𝑥)
2

1

0

 𝑑𝑥 

= 𝜋 ∫ (4 + 𝑥2 − 4𝑥) − (𝑥)
1

0

 𝑑𝑥 

= 𝜋 ∫ (𝑥2 − 5𝑥 + 4)
1

0

 𝑑𝑥 

= 𝜋 [
𝑥3

3
−

5𝑥2

2
+ 4𝑥]

0

1

 

= 𝜋 [(
(1)3

3
−

5(1)2

2
+ 4(1)) − (

(0)3

3
−

5(0)2

2
+ 4(0))] 

= 𝜋 [(
1

3
−

5

2
+ 4) − 0] 

=
11

6
𝜋 

 

 

 

 

 

 

 

 

 

 

 


