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1. Find the equation of a circle that is passing through points (1, 2), (-1, 2) and (0, -1). Hence,

determine its center.

2. Show that flexlnx dx = %(1 + e¥).

3. Findy in terms of x given that x% = (1 —2x?)ywherex > 0andy=1whenx=1.

4. Find the general solution of the differential equation Z—z + ycotx = 2sinx.

1-4x
dx

1-4x . . . . 1
5. Express——— in partial fractions and hence, find the exact value of [  ———dx.
3+x—2x 0 3+x—2x

6. (a) Given fi(x) =2xand f,(x) = —Inx.
i. Without using curve sketching, show that y = f;(x) and y = f,(x) intersect on
the interval of [0.1, 1].

ii. Use Newton-Raphson’s method to estimate the intersection point of y = f; (x)
and y = f,(x), with the initial value x; = 1. Iterate until |f(x;,)| < 0.005. Give
your answer correct to three decimal places.

b) By using the tropezoidal rule, find the approximate valur for fol xvVx + 1dxwhenn=4,

correct to four decimal places.

7. (@) p=3i—j+2k andq = 2i+ 2j— k, show that
lpxql® = Ipl*lql*> — (p.q)*

(b) Given a triangle ABC with AB = 2a and AC = 3b. Use the result in part (a), show that the

area of the triangle is 3\/|a|2 |b|?2 — (a.b)?. Hence, deduce the area of the triangle if a =

pandb =gq
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8. Givenalinel:x=2—-t, y=-3+4+4t, z=-5-3t, andtwoplanesm;:2x—y+ 7z=>53
andm,:3x+y+z = 1.Find
a) The point of intersection between the line [ and the plane m;.
b) The acute angle between the line [ and the plane ;.

c) The acute angle between planes m; and .

9. (a) Find the equation in standard form of an ellipse which passes through the point (-1, 6)

and having foci at (-5, 2) and (3, 2).

(b) From the result obtained in part (a), sketch the graph of the ellipse.

10. (a) Sketch and shade the region R bounded by the curve y = Vx, line y=2—-—xandy-

axis. Hence, find the area of the region R.

(b) If R, is a region bounded by the curve y = v/x, line y = 2 — x and x-axis, deduce the

ratio of R: R;.

(c) Find the volume of the solid generated when the region R is rotated through 360°

about the x-axis.

END OF QUESTION PAPER
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1. Find the equation of a circle that is passing through points (1, 2), (-1, 2) and (0, -1). Hence,

determine its center.
SOLUTION
General Equation of circle:
x2+y24+2gx+2fy+c=0

At (1, 2)

124+ 22429(D)+2f(2)+c=0

20 +A4f +Cc= =5 e (1)
At (-1, 2)

(—D2+22+2g(-1D)+2f(2)+c=0

=29+ A4f +C==5 (2)
At (0, -1)

02+ (—-1)?+29(0)+2f(-1D)+c=0

0g —2f +c=—=1 e (3)
(D+@)

Bf +2c=—=10 s (4)

(3)x2

(4)-(5)
12f = -8

_ -8
f_12
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(6) into (5)

4(2)+2 =2
3) T

8 v2c=—2

3T

2 , 8

€= 3

L, 14

€=73

C= =L e (7)

Substitute (6) & (7) into (2)

2 +4(2) 7_ s
g 3) 73"

2g—-—L=_5
97373

2 L 5
g 3_

29 = —5 4+ 22
9= 3

General Equation of circle:

x2+y2+2gx+2fy+c=0

2 7
x2+y2+2(0)x+2(—§)y—§=0

4 7
2+ 2__ __=0
Ty T3V T3
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Center of circle,

¢ =09-)

-(a-(3)
-3
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2. Show that flexlnx dx = %(1 + e¥).

SOLUTION
J-xlnxdx=
u=Inx dv = x dx
d_u:l fdvzfxdx
dx x
du=;dx vzx;

fudv:uv— jvdu
fxlnx dx = (Inx) (?)—f(x;) (%dx)

. lf d
=3 nx > x dx
_.X'Zl xZ
Ty
e [ 2 xze
xInxdx = |—Ilnx ——
fl 2 4]
[e2 e? 12 12
= |— ——|=-|—(Un1l) ——
o -5|-|[Fmn-7
3 [e2 2 [0 1]
2 4 4
3 [2e2 2 +1
4 4] 4
3 e +1
4
1
= —(1+e?
7(+ed)

Kang Kooi Wei Page 7



PSPM | QS 025/1 Session 2015/2016

3. Findy in terms of x given that x% = (1 —2x?)ywherex > 0andy=1whenx=1.

SOLUTION

dy )
xa— (1—-2x%)y

d 1—2x2
—y=—( x)dx

y X

d 1 2x2
_y=<__i>dx
y X X

La —(1 2 )d
y y = z x ) dx

La —f(l Z)d
FI= | (5 2x)dx

Iny=Inx—x2+C

Whenx=1,y=1
In1=In1-12+¢C
0=0-1+C
c=1

Particular Solution
Iny=Inx—-x%+1

Iny—Inx=1-x?

ln(¥)=1—x2/
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4. Find the general solution of the differential equation Z—z + ycotx = 2sinx.

SOLUTION
dy :
Ix +ycotx = 2sinx
\

cosx
P(x) = cotx = —
sinx
Q(x) = 2sinx
Integrating factor,

V(x) = efP(x)dx

— eln(sin x)

=sinx

V()y = f V()X dx

(sinx)y = f(sin x)(2sinx)dx

ysinx = 2fsin2xdx
. 1 —cos2x
ysinx = ZJ‘TdX \

ysinx = fl—costdx

sin 2x
2

ysinx = x —
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1-4x . . . . 1 1-4x
5. Express -——— in partial fractions and hence, find the exact value of fo Y
SOLUTION
1—4x 1-—4x

3+x—2x2=(3—2x)(1+x)

1—4x _ A 4 B
3+x—2x2 (3-2x) (1+x)

1—4x _A(1+x)+B(3—2x)
3+x—2x2 (3-2x)(1+x)

1-4x=A(1+x)+B(3—2x)
Whenx = —1

1-—4(-1) =A(1-1)+B[3 - 2(-1)]

5=5B
B=1
Whenx = =
1 4(3)—A(1+3)+B[3 z()]
2) 2
5—5A
)
A=-2
1—4x -2 1

B = +
3+x—2x2 (B-2x) (1+x)

J‘1—4x d‘f 2 1
3+x—22 T B0 T+
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f Lo =G -2%)+In(1+x)
34+ x—2x2 x=m x n x

=In(3—-2x) (1+x)

o1 -4x
JO mdx= [11’1(3—2X) (1+x)]$

= [In(3-2(1)) (1 + 1] — [In(3 = 2(0)) (1 + 0)]

= [In2] — [In 3]

n()
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6. (a) Given fi(x) =2xand f,(x) = —Inx.
i. Without using curve sketching, show that y = f;(x) and y = f,(x) intersect on
the interval of [0.1, 1].
ii. Use Newton-Raphson’s method to estimate the intersection point of y = f; (x)
and y = f,(x), with the initial value x; = 1. Iterate until | f(x,,)| < 0.005. Give

your answer correct to three decimal places.
b) By using the tropezoidal rule, find the approximate valur for f01 xvVx + 1dx whenn =4,

correct to four decimal places.

SOLUTION
(ai)
filx) = 2x, fo(x) =—Inx

Let f(x) = f1(x) — f(x)

Intermediate Value Theorem
f(x) = 2x—(—Inx)

http://mathinsight.org/intermediate value theorem location roots refresher

f(x) = 2x+1Inx

£(0.1) = 2(0.1) +1In(0.1) = —2.013 < 0
f(1)=21)+In1=2>0

Since f(0.1)<0 and f(1)>0, by using intermediate value theorem, there are at least one root

in the interval [0.1, 1].
(aii) Newton-Raphson’s method

f(x) = 2x+Inx

1 =2 1
fl(x) = +;
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2(1) +In(1)
I
2+m

= 0.3333

2(0.3333) + In(0.3333)
%5 = 0.3333 — - — 0.4197
2+ 03333)

2(0.4197) + In(0.4197)
X, = 0.4197 — . = 0.4263
2+ 04197

2(0.4263) + In(0.4263)
Xs = 0.4263 — . = 0.4263
2+ 04263

~x =0.426
When x = 0.426
fi(x) = 2x
f1(0.426) = 2(0.426) = 0.852

~ (0.426,0.852) is the intersection point of f;(x) and f,(x)
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(b) Trapezoidal Rule
fol xVx + 1dxwhenn=4
h=2"0_02s
=——=0.
& J

0.00000
V1 0.25 0.27951
V2 0.50 0.61237
V3 0.75 0.99216
1.41421

By trapezoidal rule:

1 h
f T Tdx = 2[00 + ) + 200 + Y2 + 4 Yu )]
0

—5 [(1.41421) + 2(1.88404)]

= 0.64779

=0.6478
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7. (@) p=3i—j+2k andq =2i+ 2j— k, show that
Ip x q|* = pl?*lql* — (p. 9)*

(b) Given a triangle ABC with AB = 2a and AC = 3b. Use the result in part (a), show that the

area of the triangle is 3,/|a|2|b|2 — (a. b)2. Hence, deduce the area of the triangle if @ =

pandb =gq
SOLUTION
() p=3i—j+2k q=2i+2j—k
i j k
Pxq=|3 -1 2
2 2 -1

=[(1) - @®]i-[(-3)-@]j +[(6) - (-2)]k
=-3i— (-7)j + ®)k

=-3i+7j+8k

Ipxql =/(—3)2 + (7)% + (8)2
= V122

lpxql? =122

Ipl = J/(3)2 + (—1)2 + (2)2
= V14

Ipl* = 14

lql =/ (2)2 + (2)2 + (—1)2
=9

lq*> =9
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p.q=Gi—j+2k).(Q2i+2j — k)
=R)@)+EED@+ @D

pP.q=2

IpI*lq1? — (p.@)* = (14)(9) — (2)?

=122

~ lpxql* = pl*lq|* — (p. 9)*

(b) C

2a

1
A= 5l2ax3b|

3la x b|

3la x b|

3\/lal?|b|? - (a.b)>
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Whena=p and b=q

Area = 3./|a|?|b|? — (a. b)?

=3Ip2ql% — (p. 9)?

=3v122
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8. Givenalinel:x=2—-t, y=-3+4+4t, z=-5-3t, andtwo planesm;:2x—y+ 7z =53
andm,:3x+y+z=1.Find
a) The point of intersection between the line [ and the plane ;.
b) The acute angle between the line [ and the plane ;.

c) The acute angle between planes m; and .

SOLUTION

lix=2—-t, y=-34+4t, z=-5-3t,

m:2X—y+7z =153

my:3x+y+z=1

(a)

x=2—t, y==34+4t, z=-5-3t . (1)

2x—y+7z=53 (2)

Substitute (1) into (2)

22—-t)— (-3 +4t)+7(—5—-3t) =53

4—-2t+3—-4t—35—-21t=153

—28—-27t=53
27t =-81
t=-3

Whent = -3

x=2—-t=2+3=5

y=-3+4t=-3-12=-15

z=-5-3t=-5+9=4

~ the intersection point is (5,—15,4)
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(b)
x =2—t, y==34+4t, z=-5-3t .. (1)
2x—y+7z=53 (2)
Direction vector of the line:
v=—-i+4j-3k
Normal vector of the plane:
n=2i—-j+7k

Angle Between The Line | And The Plane m4

v.n = (—i+4j—3k).2i — j + 7k)

=D+ @BOED+ (DD

= =27

vl = V(=12 + (4)? + (-3)?

=26

In| =(2)% + (1) + (7)2

=54

v.n

cosf =
|v|. [n|

_ —27
 V26.454

= —0.7206
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1 vn

[v]. In|

0 = cos™

= cos~1(—0.7206)

= 136.10°

Acute Angle Between The Line | And The Plane 1,
a =136.10° —90°
= 46.10°
()
my:2X—y+ 7z =753 m:3x+y+z=1

Angle Between The Plane m, And The Plane m,

ny=2i—j+7k

n,=3i+j+k

nyn, = (2i—j+ 7k)(3i +j + k)
= @B+ D@D+ (M)

=12

Ing| =V (2)2 + (=1)? + (7)?

N7

In,l = /(3)2 + (1)2 + (1)2

=11
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Angle Between The Plane m; And The Plane m,

0 = cos—1 M2
4] |ng|

o, 12
V54411

= CcoSs

= cos~1(0.4924)

= 60.50°
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9. (a) Find the equation in standard form of an ellipse which passes through the point (-1, 6)

and having foci at (-5, 2) and (3, 2).

(b) From the result obtained in part (a), sketch the graph of the ellipse.

SOLUTION

(a)
(_1I 6)

Equation of the ellipse:

2 2

-

=(-1.2)

-54+32+2
Centre,C(h, k) = ( )

Distance between two foci:

2c=3-(-5)
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Equation of the ellipse:

2 _ 9\2
(c+1? =2 _

a? b2 1
At (—1,6)
-1+1)? (6-2)?
CLe1 6-2°
a b2
16
0 + b—z == 1
b2 =16 e, (2)
Substitute (2)into (1)
a’—-16 =16
a®> =32
x +1)? —2)?
LD -2
32 16
y
b A
( ) (_11 6)

X F5(3,2)

Kang Kooi Wei
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10. (a) Sketch and shade the region R bounded by the curve y = v/x, liney = 2 —x andy—

axis. Hence, find the area of the region R.

(b) If R, is a region bounded by the curve y = v/x, line y = 2 — x and x-axis, deduce the

ratio of R: R;.

(c) Find the volume of the solid generated when the region R is rotated through 360°

about the x-axis.

SOLUTION
(a)

y =z, y=2-x

y
2
Ry
2 X
Y=VX s (1)
V=2=X e (2)

Substitute (1)into (2)

Vx=2—-x
x=(2-x)?
Xx=4+x%—4x
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x> —=5x+4=0
x—-1Dx—-4)=0

x=1lorx=4

~x=1

1
Area, R =f (2 —x)—+Vxdx
0

31
_|, xZ  2x2
1T 273
0
2 a0y 2 30002
12 2(1)z 02 2(0)z
ol i i I KO
(1o,
17 2 3
5
6

(b)

N| =

Area Ry ==(2)(2) — g

[ XY IRN|

Ratio of R: R,

5

R %

R, 7

6
5 6
=5%7

5

~7
~R:R{ =57
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(c)

Volume of the solid generated when the region R is rotated through 360° about the x-axis.

1
Volume,V = nf (2—x)?— (\/E)z dx
0

1

=nf (4 +x? — 4x) — (x) dx
0

1
=7rf (x? —5x +4) dx
0

3

3 2
+4ﬂv—<QL—5g)+4m0]
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